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Abstract 

A mixed boundary value problem for the Stokes system in a polyhedral domain is considered. 
Here different boundary conditions (in particular, Dirichlet, Neumann, free surface conditions) are 
prescribed on the sides of the polyhedron. The authors prove the existence of solutions in (weighted 
and non-weighted) L v Sobolev spaces and obtain regularity assertions for weak solutions. The results 
are based on point estimates of Green's matrix. 

Introduction 

Steady-state flows of incompressible viscous Newtonian fluids are modelled by the Navier-Stokes equations 

-vAu+{u- V)u + Vp = f, V-u = (0.1) 

for the velocity u and the pressure p. To this system, one may add a variety of boundary conditions on 
different parts of the boundary (see e.g. [12]). For example, there is the Dirichlet condition u = on 
solid walls. On other parts of the boundary (an artificial boundary such as the exit of a canal, or a free 
surface) a no-friction condition 2ve(u) n — pn = may be useful. Here e(u) denotes the matrix with the 
components \{d Xi Uj + d Xj Ui), and n is the outward normal. It is also of interest to consider boundary 
conditions containing components of the velocity and of the friction. Frequently used combinations are 
the normal component of the velocity and the tangential component of the friction (slip condition for 
uncovered fluid surfaces) or the tangential component of the velocity and the normal component of the 
friction (condition for in/out-stream surfaces). 

In the present paper, we consider a mixed boundary value problem for the linear Stokes system 

-Au + Vp = /, -V • u = g (0.2) 

in a three-dimensional domain of polyhedral type, where components of the velocity and/or the friction 
are given on the boundary. To be more precise, we have one of the following boundary conditions on 
each side Tj : 

(i) u = h, 

(ii) u T =h, -p+ 2e n . n {u) = (f>, 

(iii) u n = h, e n , T {u) = (f>, 

(iv) -pn + 2e n {u) = 4>, 

where u n — u-n denotes the normal and u T = u — u n n the tangential component of u, e n {u) is the vector 
e(u)n, e n ,n(u) is the normal component and e n ^ T (u) the tangential component of e n (u). 

In the last decades a number of mathematical papers appeared which treat elliptic boundary value 
problems in piecewise smooth domains. For a historical account of this development we refer to the books 



of Grisvard [5], Dauge [2], Nazarov and Plamenevskii [26], Kozlov, Maz'ya and Rossmann [9]. Our main 
goal is to prove regularity assertions for weak solutions of the mixed problem to the Stokes system. For 
the Dirichlet problem such results were obtained in papers by Maz'ya and Plamenevskii [19] and Dauge 
[3]. Fabcs, Kenig and Verchota [4] studied the Dirichlet problem for the Stokes system in Lipschitz 
domains. Spectral properties of operator pencils generated by the mixed boundary value problem in a 
cone were investigated by Kozlov, Maz'ya and Rossmann [10, Ch.6]. 

It is well-known that the singularities of solutions of elliptic problems near edges and corners have 
power (or power-logarithmic) form. For this reason, it is natural to use weighted Sobolev spaces, where 
the weights are powers of the distances to the edges and corners. Special boundary value problems 
(e.g., the Dirichlet problem) can be studied in weighted Sobolev spaces with "homogeneous" norms 
(sec e.g. [19, 20]). However, the more general problem with boundary conditions (i)-(iv) requires the 
use of weighted spaces with "nonhomogenous" norms. This makes the consideration of the boundary 
value problem more difficult. On the other hand, in some cases (e.g. the Dirichlet problem in convex 
polyhedral domains), the results can be improved when considering solutions in weighted spaces with 
nonhomogencous norms. We also note that the class of weighted Sobolev spaces with nonhomogeneous 
norms contains the nonweighted Sobolev spaces. 

The largest part of the paper (Sections 3 and 4) concerns the boundary value problem for the Stokes 
system in a polyhedral cone IC with sides Ti, . . . ,T n and edges Mi, . . . , M n . Section 3 deals with the 
existence of solutions (u,p) G Wo'g(IC) 3 x WV|(/C) of the boundary value problem if / G Wo'g(IC) 3 , 
g G Wp'g(K.), and the boundary data h, (f> are from the corresponding trace spaces. Here, for integer 

I > 0, (3 G K, 5 = (Si, . . . , 5 n ) G W 1 , and 1 < s < oo, the space W^ 5 (K) is defined as the set all functions 
u such that 

n g 

/-*+M TJ (V fe /p) " 5> G L S {K) for \a\ < I, 

k=l 

p is the distance to the vertex of the cone, and ru denotes the distance to the edge Mtj. The estimates of 
the solutions in these spaces are essentially based on point estimates for Green's matrix obtained in our 
previous paper [24, 25]. It is shown that there is a uniquely determined solution if g and the boundary 
data satisfy certain compatibility conditions on the edges, the line Re A = 2-/3 — 3/ sis free of eigenvalues 
of a certain operator pencil 21(A), and max(2 — /Xfc,0) < 5k + 2/s < 2 for k = 1, . . . , n, where \ik are 
certain positive numbers depending on the angle 9k at the edge Mfe. For example, in the case of the 
Dirichlet problem, we have fik = n/0k if Ok < tt, while Hk is the smallest positive solution of the equation 
sm(n6k) + fisinOk = if 9k > it. Estimates for the eigenvalues of the pencil 21(A) can be found e.g. in 
[3, 10, 11, 19]. 

In Section 4 we consider weak solutions of the boundary value problem, i.e. vector functions (u,p) G 
Wl%Kf x Wll(JC) satisfying 

2 / Ve,j (u) £ij(v)dx- [ p\7 -vdx = F(v) for all v G wH _ s (JC) 3 , S> = on Tj , 
„ i Jtc 

—V • u = g in JC, SjU = hj on Tj, j = 1, . . . , n. 

Here SjU — u in the case of the Dirichlet condition on Tj, SjU = u T in the case of condition (ii), and 
SjU = u n in the case of condition (iii). We prove that a unique weak solution exists if the boundary data 
hj satisfy certain compatibility conditions on the edges, the line ReA = l — j3 — 3/sis free of eigenvalues 
of the pencil 21(A), and max(l — /Ufc,0) < 8k + 2/s < 1 for k = 1, . . . , n. In the case s = 2, the last 
condition can be replaced by — min(^fe, 1) < 5k < 0. 

Moreover, we obtain regularity assertions for the weak solution. For example, let (u,p) G W ' (fC) 3 x 
L2(fC) be the weak solution of the boundary value problem, where 

F G «o 2 (/C)* ) 3 n (H^;_ 5 (/C)*) 3 , g G L 2 (JC) n Wl S g{K), hj G W^ 2 ' 2 (Tj) n W^g 1/s ' s (Tj), 

s' = s/(s — 1). If max(l — /ife, 0) < 5k + 2/s < 1 and there are no eigenvalues of the pencil 21(A) in the 
strip -1/2 < Re A < 1 - - 3/s, then 



(u,p) G W^(tCf x WH(1C). 



Suppose the functional F G (W ' (/C)*) 3 has the form 

F(v) — J f ■ vdx + ^2 J fa - vdx 

where / G W l ^ s {IC) 3 7 fa G Wfe 1 "^'"^,-), Z > 2. If, moreover, <? G W^'K), hj G W^/ 7 ^^), the 
data g, /ij and </>j satisfy certain compatibility conditions on the edges of the cone, the components 5 k of 
5 satisfy the inequalities max(7 — /ifc,0) < 5 k + 2/s < I, and the strip —1/2 < Re A < I — (3 — 3/s is free 
of eigenvalues of the pencil 21(A), then 

( u , P )e<; s (C) 3 x^/ s (/C). 

In Section 5 we consider the boundary value problem for the Stokes system (0.2) in a bounded domain 
Q of polyhedral type. Under certain compatibility conditions, there exists a weak solution (u,p) G 
W 1 ' 2 (Q) 3 x £2(5) which is unique up to a certain subspace of linear vector functions. Using the results 
of Section 4, we obtain regularity assertions for this solution. 

As an example, we consider the weak solution of the Dirichlet problem to the Stokes system in a 
polyhedron with boundary data hj — 0. From our results and from estimates for the eigenvalues of the 
pencil 21(A) (see [3, 10, 11, 19]) it follows that 

(u,p)eW 1 > s (g) 3 xL s (Q), 2<s<3, 

if / G W^ 1 ' S (Q) 3 , g G L S (Q). If the polyhedron Q is convex, then this result is true for all s > 2. 
Furthermore, the following W 2 ' s -regularity result holds for the weak solution (u,p) G W 1,2 (Q) 3 x L 2 (G) 
of the Dirichlet problem: 

(u,p) G W 2 ' S (IC) 3 x W 1,S (K.), Ks<4/3, 

if / G W-^ 2 {g fC\L s {g f,g G L 2 {Q)C\W 1 > s {g). If the edge angles are less than 3 arccosi « 1.2587tt, then 
this result is true for 1 < s < 3/2. In the case of a convex polyhedron, this result is true for 1 < s < 2. 
If, moreover, the edge angles are less then jir, then the result holds even for 1 < s < 3. However, in the 
case s > 2 the trace of the function g on the edges must be equal to zero, while in the case s = 2 the 
function g must be such that 

/ n faMr 1 is(z)i 2 dx < 00. (o-3) 

for every j, where pj denotes the distance to the vertex Oj, r k denotes the distance to the edge M k , 
and Nj is the set of all k such that M k 9 Oj. In the case s — 2 the IU 2,s -regularity result for convex 
polyhedrons was also proved by Dauge [3]. 

Similar IU 1,S and TU 2,S regularity results can be obtained for Neumann and mixed problems. Let 
us consider, for example, the mixed boundary value problem with boundary conditions (i)-(iii). We 
assume that for every edge, the Dirichlet condition is given on at least one of the adjoining sides. Then 
the following W 1,s regularity result holds. The weak solution (u,p) G VF 1:2 (£) 3 x L^iff) belongs to 
W 1 -'^) 3 x L a (G) if F G (W 1 -''^)*) 3 , 9 G L a (G), hj=0,2<s< 8/3, s' = s/{s - 1). If at every edge 
with boundary condition (ii) or (iii) on one of the adjoining sides, the angle is less than |7r, then this 
result is even true for 2 < s < 3. 

Lastly, we present a W 2 ' s regularity result for the mixed problem with Dirichlet and Neumann 
boundary conditions. Suppose that (u,p) G W 1 ' 2 (Q) 3 x L 2 {Q) is a weak solution of this problem with 
data / G L s (g) 3 , g G W 1 ' S (G), hj G W 2 " 1 / 8 ' 8 ^) 3 , and fa G W 1 " 1 / 8 ' 8 ^) 3 , 1 < s < 8/7. Then 
(u,p) G W 2,S {Q) 3 x W 1 ' S {Q). 

Other examples are given at the end of Section 5. In a forthcoming paper, we extend the results to 
mixed problems for the nonlinear Navicr-Stokes system. 

1 Weighted Sobolev spaces 

1.1 Weighted Sobolev spaces in a dihedron 

Let V be the dihedron 

V = {x = (x',x 3 ) : x' G K, x 3 G E}, (1.1) 



where K is an infinite angle which has the form {x' = (xi,X2) G K 2 : < r < oo, —9/2 < ip < 9/2} in 
polar coordinates r, <p. The boundary of V consists of the half-planes T ± : ip ~ ±9/2 and the edge M. 
We denote by V g ' s {T>) and W l g s {T>), 1 < s < oo, the weighted Sobolev spaces with the norms 



Mly^(x>) 



= (/ E \xr {s - l+lal) \d» u \ s dx) 1/s , \\u\\ w , S{v) = ([ Y,\x'\ s5 \d>\ s dx) 1/S . 

J I „ I ^ i I I ^ — I 



|a|<J v \a\<l 

Analogously, the spaces V g ' s (K) and W g ' s (K) are defined (here in the above norms V has to be replaced 
by K and dx by dx'). By Hardy's inequality, every function u E C^°(T>) satisfies the inequality 



f r< s -^\u\ 2 dx <c [ r s5 \Vu\ s dx 



for S > 1 — 2/s with a constant c depending only on s and S. Consequently, the space Wg S (D) is 
continuously imbedded into W\z\'{V) if 5 > 1 - 2/s. If S > I - 2/s, then W l g ' s (V) C ^ s (2?). 

Let Vg l ~ 1 ^ s ' s (T ± ) and W r j _1 ^' s (r ± ) be the trace spaces corresponding to V g s (T>) and W g s (V), re- 
spectively. The trace spaces for V g s {K) and W g s (K) on the sides 7 ± of if are denoted by V^ 1 ^' 8 (j ± ) 
and M^ _1 ^ ;s ' s (7 ± ), respectively. 

Note that the trace of a function u E W^ ,;S (P) or u E M^ _1 ^ s ' s (r ± ) on the edge M exists if —2/s < 
5 < I - 2/s. It belongs to the Sobolev-Slobodetskh space W l ~ 5 - 2 / s ' s (M) if I - S - 2/s is not integer. 
There is the following relation between the spaces V l g s and W l g ' s (see [21, 27]). 

Lemma 1.1 1) Let u E W l g ' s (D), -2/s <5<l- 2/s, If S + 2/s is not integer, then 

u E V s l ' s (V) &d%,u{x) = on M for \a\ < I — 5 — 2/s. (1.2) 

If 5 + 2/s is integer, then for the inclusion u E V g ' s (T>) it is necessary and sufficient that the conditions 
(1.2) and 

r~ 2 |<9",w(x)r dx < oo for \a\ = I — S — 2/s 



IV 

are satisfied. 

2) Let u E W l f 1/s,s (T+), -2/s <6<l- 2/s. If 5 + 2/s is not integer, then 



'5 



ueynr + )«a>(r,i 3 ) = on M for j <l-S -2/s. (1.3) 

If 5 + 2/s is integer, then for the inclusion u E V g s (V) is it necessary and sufficient that the conditions 
(1.3) and 

-i\di-s-ys u ( r , X3 )\ s drdx 3 <oo 



//' 

Jr Jo 



are satisfied. 

We introduce the following extension operator E mapping W l ~ 5 - 2 / s ' s {M) into W l s ' s {V) or W l f 1,p ' p {T ± ). 

(Ef)(x)= X (r) f f(x 3 + tr)mdt, (1.4) 
Jr 

where r — \x'\, \ IS a smooth function on (0, oo) with support in [0, 1] equal to 1 in (0, |), and ip is a 
smooth function on R with support in [—1, +1] satisfying the condition 

/ V(£) dt = l, j t j ip{t) dt = for j = 1, 2, . . . , I. 
Jr Jr 

Since the function Ef depends only on r and x 3 , it can be also considered as a function on the half-planes 
r + and r~. For the following lemma we refer to [21]. 



Lemma 1.2 Let —2/s < S < I — 2/s and 5 + 2/s be not integer. Then 

(di 3 Ef)\ M = dij forj<l-S-2/s. (1.5) 

Moreover, if Ef is considered as a function on V, then d",Ef G v\ Q '' S (X)) for 1 < \a\ < I. In particular, 
the trace of d",Ef on M vanishes for I < \a\ < I — 5 — 2/s. 

If Ef is considered as a function on T ± , then d^Ef G Vg j 1/s ' s (r±) for j = 1, 1. 

If / G W^ 1/s ' s (T+), 5 < 1 - 2/2, then the traces of / and d x J on M exist. Obviously, (d x J)\ M = 
9 X3 (/|m)- The following result for the limit case (5=1 — 2/s follows from [27, Le.7, Rem. 4]. 

Lemma 1.3 /// G W^ / / s s ' s (T+) and f\ M = 0, then 

I I r- 1 \d x J(r,x 3 )\ s drdx 3 < c||/||* 2 _ v .,. 

JRJO "l-2/a ^ > 

for arbitrary positive e. 

For the following lemma we refer to [23, Le.2.1]. 
Lemma 1.4 If d^u G V S 2 - S (V), Ks<2, for j = 0, 1,2, then u G V^ +2/s {V). 

Corollary 1.1 // dl 3 u G W 5 3 ' S (D) for j = 0,1,2, where 1 < s < 2 and S > 2 - 2/s, then u G 

Proo/: By Lemma 1.4, the inclusion d X; u G Wf^D) = Vf' p (P) for j < 2 implies u G ^°4 + 2/ ;s ( 2? )- 
Furthermore, by our assumptions, d J X3 \7u e V^'^X)) 3 for j = 0, 1,2 and, therefore, Vu G Ks-3+2/s 

(2>) 3 . 

The result follows. ■ 



1.2 Weighted Sobolev spaces in a cone 

Let /C be the cone 

K, = {x G M 3 : x/|x| G 0} (1.6) 

where fHs a domain on the unit sphere of polygonal type ... 

We denote by S the set Mi U • • • U M n U {0} of all singular boundary points. Furthermore, for an 
arbitrary point x G JC we denote by p(x) = \x\ the distance to the vertex of the cone, by rj(x) the distance 
to the edge Mj, and by r(x) the regularized distance to S, i.e., an infinitely diffcrentiable function in JC 
which satisfies the estimates 

cidist(x,<S) < r(x) < c 2 dist(x,<S) and \d"r(x)\ < c a dist(x, 5) 1- '" 

for all x G JC and all multi-indices a. Here c\, C2, c a are positive constants independent of x. 

Let I be a nonnegative integer, [3 G M., S = (Si,...,S n ) G M™, Sj > —2/s for j = l,...,n, and 
1 < s < oo. We define V^'^(/C) and W^'^/C) as the weighted Sobolev spaces with the norms 

ii^i^w =(/ e m s( ^ +h) i 5 >i s n (7)^ 1/s > 

JK: |a|<i J=l ' 

respectively. Furthermore, we introduce the following notation. If d is real number, then vjf s d (JC) and 
Wp S d ()C) denote the above introduced spaces with S = (d, . . . , d). If 5 = (Si, ... , S n ) and d is a real 
number, then we define W^ s+d (JC) = W£ 5 ,{1Q, where S' = (Si + d, . . . , S n + d). 



Passing to spherical coordinates p = \x\,u) — x/\x\, one obtains the following equivalent norm in 

Wj£(JC): 

a CO 
p 5(/3 -' )+2 ^||(p^) fe W (p,.)||^-,, S(a) dp) , 
fc=0 

where the norm in Wjj' s (Sl) is given by 



Jc M< ; J' =1 

K|x|<2 

(here the function v on SI is extended by v(x) = v(x/\x\) to the cone K). 

By Hardy's inequality, the space W^'j, (SI) is continuously imbedded into Wl'^ (SI) if 5 = (Si, . . . , S n ), 
5' = (Si,.. ., S' n ) are such that Sj, S'j > —2/s and Sj — Sj < 1 for j = 1, . . . , n. This implies that, under 

the above assumptions on S and S', there is the imbedding W 1 ^{ S 5 ,(1C) C W^ s g (IC). In particular, we have 

Vfc(K) = W l £ s (K) if Sj>l- 2/s for j = 1, . . . , n. 

Let be smooth functions depending only on p = \x\ such that 

suppCfe C (2 k -\2 k+1 ), Yl Cfc = l, l(p^C fe (p)|< Cj (1.7) 

A;— — oo 

with constants Cj independent of A; and p. It can be easily shown (cf. [9, Le.6.1.1]) that the norms in 
Vp i8 s (]C) and Wp S $ (JC) are equivalent to 

+ CO ^ i + CO ^ i 

\\u\\ = ( E IKH^ (JC) ) S and ||n|| = ( £ IKHI^ (/C) ) (1.8) 

k— — co fc— — co 

respectively. We denote the trace spaces for V^ S $ (1C) and W^ S (JC), I > 1, on 1^ by /^^(T^), and 
^^^(Ij), respectively. The norms in these spaces are also equivalent to 

11-11 ^ ( E IICHI^-V^,) S and || U || = ( E H^H^-v...^)) '> (1-9) 

k— — 00 /c— — 00 

respectively. The trace of a function u e W^(/C) (or u e W^g'j 1 ^ 8 ' 8 ^)) on the edge M k exists if 
S k < I — 2/s. Using Lemma 1.3, we obtain the following result. 

Lemma 1.5 Let T be a side of the cone K adjacent to the edge M k and let f G Wp /^^(T), where 
5 k = l-2/s.Iff\ Mk =0,then 



rOO ret 

/ / f(/J-i)+2 r -i \d t f(r,t)\ s drdt< oo 
Jo Jo 



/or sufficiently small e > 0. Here r = dist (x, M k ) and t is the coordinate on M k . 

Proof. Let r/k = Cfc-i + Cfe + Cfc+i> fjk(x) = i]k(2 k x), and f(r, t) = f{2 k r, 2 k t). By our assumptions on 
the functions Cfe, we have fjk(x) = 1 for 1/2 < \x\ < 2. From Lemma 1.3 it follows that 

r-2 r et 



[ f r- 1 |9 t /(r,i)| S drdt< 

Jl/2 JO 



Here. 



i/ 2 jo >w;-^(r) 



2 st 2^~^~^ st 

I I r- 1 \d t f(r,t)\ s drdt = 2 k ( s -V [ [ r' 1 \d t f(r,t)\ s dr dt and 

Jl/2 JO J2 fc -! JO 

\\mf¥ wl -^ {r) < C 2-^-»)-» ||,fe/||^ 1/3 , S(r) . 



This implies 

2 <c+i et 

I I t»0»-D+2 r -i |^/ (r , t )|-drdt < cH^/H^v.. 
J2fc-i Jo e< s { > 

Summing up over all integer k and using the equivalence of the norm in g^ s,s {Pj) with the the second 
norm in (1.9), we obtain the desired inequality. ■ 



2 The boundary value problem in a dihedron 

We consider a boundary value problem for the Stokes system, where on each of the sides one of the 
boundary conditions (i)-(iv) is given. Let = (nf, n^, 0) be the exterior normal to T^, e^(u) — e(u) n ± 
and s^ n (u) = e^ : ('u)-n ± . Furthermore, let d ± G {0, 1, 2, 3} be integer numbers characterizing the boundary 
conditions on T + and r~, respectively. We put 

• S ± u = u for d ± = 0, 

• S ± u = u-(u- n ± )n ± , N ± {u,p) = -p + 2e± n (u) for d ± = 1, 

• S ± u = u ■ n ± , N ± (u,p) = e±(u) - e± n (u) n± for d ± = 2 

• N ± (u,p) = -pn ± + 2e±(u) for d ± = 3 
and consider the boundary value problem 

-Au + Vp = f, -V-u = g mV, (2.1) 
S ± u = h ± , N ± (u,p) = <P ± onT*. (2.2) 

Here the condition A r± (u,p) = ± is absent in the case d^ = 0, while the condition S^u = is absent 
in the case d — 3. The Dirichlet problem for Stokes system and the mixed problem with Dirichlct 
condition (i) on T+ and condition (ii) on T~ were studied by Maz'ya, Plamenevskii and Stupelis [20]. In 
contrast to [20], we will use here weighted Sobolev spaces Wg S (D) with nonhomogeneous norms. 



2.1 Reduction to homogeneous boundary conditions 

For the following lemma we refer to [24, 25]. 

Lemma 2.1 Let h ± G Vg~ 1/a ' 3 (r ± ) 3 - d± , 0± G v^ -1-1 ^' 8 ^)^, / > 2. Then there exists a vector 
function u G V 5 ' S (V) S such that S ± u — h ± and N ± (u,0) = ± on T ± satisfying the estimate 

||w|| v - j l,» (x)) 3 < C (ll^ ± lly s '-l/ S ,= (r±)3 - £i ± + lly-l-l-l/., = (r±)£i ±) 

with a constant c independent of and ^> ± . If and ^ vanish for \x'\ > 1, then also u can be chosen 
such that u(x) = for \x'\ > 1. 

Now let h ± G Wg' 1 ^' 8 ^) 3 '^, 0± G Wg~ 1/s ' s '(r ± )« ,± and g G Wg''{V), 8 < 2 - 2/s, be given 
functions vanishing for |x'| > 1. We want to answer the question under which conditions there exist 
functions u G Wg' s {Vf and p G Wj' s (V) such that 

S ± u = h ± , N ± (u,p) = (j) ± onr 1 and V-u + 5 G Vg''{V) (2.3) 
For 5 > 1 — 2/s the answer follows immediately from the following lemma and from Lemma 2.1. 

Lemma 2.2 Let h ± G wrj-V'.-pfcjs-d* , I - 1 - 2/s < S < I - 2/s, I > 1, h ± (x) = for \x'\ > 1. 
Suppose that h + and h~ satisfy the compatibility condition 

(h+\ M , h~\ M ) Gi?(T), (2.4) 

where R(T) denotes the range of the operator T = (S + ,S~) (here S ± are considered as operators on 
w i-S-2/ s ,s^ M Y). Then there exists a vector function u G Wg S (V) 3 such that u(x) = for \x'\ > 1 and 
S ± u = h ± . 



Proof: By (2.4), there exists a vector function ip G W l ~ s ~ 2 / S ' S (M) 3 such that S ± i) = h ± \ M - Let 
v G W S ' S (T>) 3 be an extension of ip vanishing for \x'\ > 1. Then the traces of 5 ± w| r ± — h ± are zero on 
M and, consequently, S' ± w| r ± — h ± e V g l 1 / s,s (r ± ) 3_ci± (see Lemma 1.1). Applying Lemma 2.1 (in the 
case I = 1 see [16, Le.3.1]), we obtain the assertion of the lemma. ■ 

Note that condition (2.4) can be also written in the form 

Ah+\ M =Bh-\ M , (2.5) 

where A and B are certain matrices. For example, A = B = I in the case of the Dirichlet problem 
(d+ = d~ = 0), A = {n-y = (nf.na ,0), B = 1 if d+ = and d~ = 2. 

If h ± e ^ 2_1/s ' s (r ± ) 3 - d± , 0± G wj- 1 - 1 /-.'^)^ and ff e W tf 1,a (X>), -2/s < 5 < 1 - 2/s, then the 
traces of g, h ± , and on M exist. Suppose that (u,p) G W 5 2 ' S (D) 3 x Wg' s (T>) satisfies (2.3). We 

put 

b = u\ M , c=(d Xl u)\ M , d=(d X2 u)\ M and q = p\ M . 
Then from the equations S ± u = on it follows that S ± d r u — d r h ± on T*, and therefore, 

S ± b = h ± \ M , (2.6) 
5 ± (ccos§±dsin|) = {drh^M- (2.7) 

Moreover V • u + g G V^ 1 ' S (I') if and only if the trace of V • u + g on M vanishes, i.e., 

ci + d 2 + d X3 b = -g\ M ■ (2.8) 

Obviously, the trace of N ± (u,p) on M can be written as a linear form M ± (c,d,d X3 b,q). Thus, from 
N ± {u,p) = ± on r ± it follows that 

M ± (c,d,d X3 b,q)=<j> ± \ M . (2.9) 

Lemma 2.3 Suppose that there doesn't exist a pair (u,p) ^ (0,0) o/ a linear vector function u = cxi+dx 2 
and a constant p satisfying 

-V-u = ml>, S^w^O, N ± (u,p)=0 on T ± . (2.10) 

T/ien the linear system (2.7)-(2.9) has a unique solution (c,d,q) for arbitrary ft. ± ,0 ± ,g, and b. 

Proof. Inserting u = cx\ + dx 2 and p = q = const, into (2.10), we obtain 

ci+rf 2 =0, 5 ± (ccos| idsinf) = 0, and M ± (c, d, 0, q) = 0. (2.11) 

By the assumption of the lemma, the homogeneous system (2.11) of 7 linear equations with 7 unknowns 
has only the trivial solution c = d = 0, q = 0. Consequently, the inhomogeneous system (2.7)-(2.9) is 
uniquely solvable. ■ 

The last lemma together with Lemmas 1.1 and 1.2 allows us to obtain the following result. 

Lemma 2.4 Let h ± G W$~ 1/a ' s (T ± ) 3 - (I± , 0* G W )J 1-1/s ' s (r ± ) <i± an rf 5 e W/'^D), -2/s < (5 < 2 -2/s, 
6e given functions vanishing for \x'\ > \, and let h + and h~ satisfy the compatibility condition (2.5) on 
M . If S < 1 — 2/s we assume additionally that the assumption of Lemma 2.3 is satisfied. Then there 
exist a vector function u G W S ,S (D) 3 and a function p G W 5 ' S (T>) vanishing for \x'\ > 1 and satisfying 
(2.3) and the estimate 

IMIwf s (©) 3 + Wp\\w^ s (v) ^ c (X] ll /i± ll H / a 2 - 1 / 3 ,= (r±)3 - £! ± + X ll^ ± llwj- 1 - 1/s, *(r±)«' ± + lltfllw^"^))- 



Proof: For 8 > 1 — 2/s the assertion of the lemma follows immediately from Lemmas 2.1 and 2.2. 
Let 5 < 1 - 2/s. Then there exist b G W 2 " ,5 - 2 / s ' s (M) 3 , c,de W 1 "' 5 - 2 / s . s (M) 3 and q G W 1 -*- 2 / s ' s (M) 
satisfying (2.6)-(2.9). We put 

u = Eb + x\ Ec + x 2 Ed, p = Eq, 
where E is the extension operator (1.4). Then, by Lemma 1.2, 

S ± v\ M = h ± \ M , (d r S ± w)\ M = {drh^M , -(V • w)\ M = 9\m ■ 

and 

N ± {v,p)\ M = M ± {c,d,d X3 b,q) = ^Im- 
Consequently, by Lemma 1.1, we have 

S ± t;-fc ± eV?- 1/a,s (r ± ) 3 - < ' ± ) V -v + gtV^iV), and JV^v.p) - 0± G ^ 1 " 1/s ' s (r ± ) d± . 

By Lemma 2.1, there exist a vector function w G V S ' S (D) 3 , w(x) = for \x'\ > 1 such that 

S ± w = h ± -S ± v, N ± {w,0) = 4^-N ± {v,p) on L*. 

Then the pair = (t> + has the desired properties. In the case 5 = 1 — 2/s the lemma can be 

proved analogously using the relations between the spaces V g l ' s {V) and W l /(V) given in [27]. ■ 

Remark 2.1 The condition of Lemma 2.3 is satisfied for d + + d~ = 3, sin 28 ^ and for d + + d~ G {1, 5}, 
cos 8 cos 28 ^ 0. If d + + dT is an even number, then the condition of Lemma 2.3 fails for all 8. If d + and 
d~ are both even, then obviously (u,p) — (0, 1) satisfies (2.10), while in the case of odd d + and d~ , the 
vector (u,p) — (x\, —x 2 , 0, 0) satisfies (2.10). In these cases the assertion of Lemma 2.4 holds only under 
additional compatibility conditions on the functions ft- ± , (jy^ and g. 

We give here the corresponding result for the Dirichlet boundary condition. 

Lemma 2.5 Let h ± G Wg~ 1/s ' s (T^ 3 and g G Wg' a (D), -2/s < 5 < 2 - 2/s, be given functions 
vanishing for \x'\ > 1 such that h + \M = /i~|m- If 8 < 1 — 2/s, we assume additionally that 8 ^ ir, 
8 ^ 2tt, and 

n~ ■ d r h + \ M + n + ■ d r h~\ M = (#|m + d X3 hj\ M ) sinfl, (2.12) 
while for S = 1 — 2/s the "generalized trace condition" 



r- 1 



■ d r h + (r, x 3 ) + n + ■ d r h {r,x 3 ) - ( 9(r,x 3 ) - d X3 h£(r,x 3 )) sin8 
is assumed to be valid. Here 

1 f< 2 

g{r,x 3 ) = - / g(rcos<p,rsimp,x 3 )dip 

8 J -0/2 



dx 3 dr < oo 



denotes the average of g with respect to the variable tp. Then there exists a vector function u G Wg' s (V) 3 
vanishing for \x'\ > 1 such that u = h ± on and V • u + g £ V s ' S {V). 

Proof: If 8 < 1 — 2/s, then the traces of h ± , d r h ± , and g on M exist and there are vector functions 
c,de W 1 - tf - 2 /».«(M) 3 satisfying 



ccos § ± dsin j — (d r h ± )\ M and c\ + d 2 = — <9 X3 /i + |m — 9 



m ■ 



Analogously to the proof of Lemma 2.4, it can be shown that v = EH + \m + x\ Ec + x 2 Ed satisfies the 
conditions v\r± — h ± G V^ 2 ' s (r ± ) 3 and V • v + g G V S ' S (T>). Applying Lemma 2.1, we obtain the assertion 
of the lemma for 8 < 1 — 2/s. Analogously, it can be proved for S = 1 — 2/s. m 



Remark 2.2 Analogous results are valid for even d + + d~ ^ 0. Then of course the conditions /i + |m = 
H~\m and (2.12) have to be replaced by another compatibility conditions on M. If S < 1 — 2/s, then 
the traces of h ± ,d r h ± ,<f) ± and g on M must be such that the system (2.6)-(2.9) with the unknowns 
b, c, d, q is solvable. For example, in the case of the Neumann problem (d + = d~ = 3), 9 ^ it, 9 ^ 2n, the 
boundary data <f> + and <p~ must satisfy the condition 

(f> + ■ n~ = <f>~ ■ n + on M. 

In the case d~ = 0, d + = 2, the data h + , h~ , 4> + and g must satisfy the compatibility conditions 
h~ ■ n + = h + and 

d r h+ cos 29 - (2n+cos6» + n~)d r h~ + 2 sin 2 9 (</>+ cos 61/2 + 0+ sin 0/2) + - (</ + <9x 3 ^3 ) sin26» = 
on the edge M. 

2.2 Regularity results 

The following two lemmas are proved in [23, Le.3.1,Le.3.4] for boundary value problems to elliptic systems 
of the form 

3 

The proof for the Stokes system is essentially the same. 

Lemma 2.6 Let (u,p) E Wj£(V\M) 3 xWj~J-' s (f>\M) be a solution of problem (2.1), (2.2). Furthermore, 
let C, r) be infinitely differentiable functions with compact supports on V such that n = 1 in a neighborhood 
o/suppC- 

1) Ifnu E Vl\{Vf, rjp E V^ l+1 {V), nf G V^ 2 ' S (V) 3 , ng G V^ S (V), n h± E V ^ 1/s ' s (T^- d± , 
and #± G V r 5 , ~ 1 ~ 1/ '' ,s (r ± ) ,,± , I > 2, then (u E V 1 / ' (V) 3 , (p E V^" 1,S (D) and 

IICw|lv 4 '-»(x>)3 + KpWv}- 1 -'^) ^ c (11^11^(23)3 + \\VP\\v^ l+1 (v) + \\vf\\ v '-^ {v) 3 + WvgWv'-^'CD) 

+ Ell^ ± llv 4 , - 1 /-(r±)s-««± +£11^11^-1-1/...^)^)- ( 2 - 13 ) 

2) If V u E W^ l+k {V)\ np E W^ k (V), V f E W l s - 2 - s (V)\ ng E W^'tp), nh± E W l f 1/s ' s (T^- d± , 

and G W l f 1 ~ 1,8, '{r ± ) ik , l>k+l>2,5>l - k - 2/s, then (u G W l & ' s {Vf, (p G W l f hs (V) and 
an estimate analogous to (2.13) holds. 

We define the operator A(X) as follows 

A(X) (U(<p),P(<p)) = (r 2 - x (-Au + \7p),-r 1 - x V-u,r- x S ± u\ v=±s/2 ,r 1 - x N ± (u,p)\ v=±e/2 ), 

where u = r x U(<p), p = r x ~ 1 P(ip), A G C, r, ip are the polar coordinates of the point x' — (x\,X2)- The 
operator A{\) depends quadratically on the parameter A and realizes a continuous mapping 

W^((-l , +§ )) 3 x T4^((-§, +§)) - W^((-l , +1 )) 3 x L s ((-§ , §)) x C 3 x C 3 

for every A G C. In [24, 25] a description of the spectrum of the pencil A(X) is given for different d~ 
and d + . For example, in the cases of the Dirichlet problem (d + = d~ = 0) and Neumann problem 
(d + = d~ =3), the spectrum of A(X) consists of the solutions of the equation 

sin(A6>) (A 2 sin 2 9 - sin 2 (A6 1 )) = 0, 

A 7^ for d + = d~ = 0. In the case d~ — 0, d + = 1, the eigenvalues of A(X) are the nonzero solutions of 
the equation 

sm{\9) (Asin(26») + sin(2A6>)) = 0. 



If d = 0, d + = 2, then the eigenvalues are the nonzero solutions of the equation 

sin(2A<9) (Asin(26>) - sin(2A6>)) = 0, 
while the nonzero solutions of the equation 

sin(2A<9) (A 2 sin 2 9 - cos 2 (A6>)) = 
are eigenvalues of A(X) if d~ = and d + = 3. 

Lemma 2.7 Let C, rj be smooth functions on V with compact supports such that r\—\ in a neighborhood 
o/suppC, and let (u,p) be a solution of problem (2.1), (2.2) such that 

r,ueW l s ' s (Vf, f/peWj- 1 ''^), r,d X3 u G W l /(V) 3 , r,d X3 p G wjr 1,a (2>) 

where l>2, —2/s<S<S'<S + l. Furthermore, we assume that 

VfeW l s 7 hs (Vf, r,g^W l s f(V) : qh* G ^+ 1 -V^ (r ± ) 3- d ± ; # ± £ ^J-l/.^i^ _ 

// i/iere are no eigenvalues of the pencil A(X) in the strip I — S — 2/s < ReA < Z + 1 — 5' — 2/s, then 

CueW l s ^ s (vf,CpeW l /(v). 

3 Solvability of the boundary value problem in a polyhedral 
cone 

Let K. be the cone (1.6) introduced in Section 1.2. For every j = 1, ... ,n let dj be one of numbers 
0, 1, 2, 3. We consider the boundary value problem 

-Au + Vp = f, -V • u = in £, (3.1) 
Sju = hj , Nj(u,p) — <pj on Tj, j = 1, . . . , n. (3-2) 

Here Sj is defined as 

SjU = u if dj = 0, SjU = u„ = it • n if dj = 2, Sjit = u T = u — u n n if dj = 1, 

while the operators TVj are defined as 

Nj(u,p) = -p + 2e ntn (u) if dj = 1, Nj(u,p) = e n>T (u) if dj = 2, Nj(u,p) = -pn + 2e n (u) if dj = 3. 

In the case dj = the condition Nj(u 7 p) = cj)j does not appear in (3.2), whereas the condition SjU = hj 
does not appear if dj =3. 

3.1 Reduction to homogeneous boundary conditions 

Lemma 3.1 Let hj G V l g~^ s,s {T j) 3 ~ di , (f>j G Vi~^~ X ^ s ' s {T j) dj , I > 2. Then there exists a vector function 
u G V^(/C) 3 such that SjU = hj and Nj{u, 0) = <frj on Tj and 

n 

i=i 

wi£/i a constant c independent of hj and <pj . 

Proof: Let (k be smooth functions depending only on p — \x\ such that 

+ OC 

suppCfe C (2 fe -\2 fe+1 ), Yl & = 1 > IW'Cfe(p)l<Cj (3.4) 

A;— — oo 



with constants Cj independent of k and p. We set hkj(x) — (k(2 k x) hj(2 k x), <f>kj(x) — 2 k (k(2 k x) 4>j{2 k x). 
These functions vanish for |x| < \ and \x\ > 2. Consequently, by Lemma 2.1, there exist vector functions 
Vk G Vp S s (JC) 3 such that SjVk = hkj and Nj(vk,0) = 4>k,j on Tj for j = 1, . . . , n, 

n 

and Vk(x) = for |x| < \ and x > 4. Hence for the functions Uk(x) = Vk(2~ k x) we obtain SjUk = Ckhj 
and Nj(uk,0) = (k4>j on Ij, Mfe(x) = for |x| < 2 fe ~ 2 and |x| > 2 fc+2 . Furthermore, Uk satisfies (3.5) with 
Cfe/ij and Cfe^j instead of hkj and </>fcj. Here the constant c is independent of k, hj and Consequently, 
for u = J^Ufc we have Sj-w = /ij on and Nj(u, 0) = ^ on Tj for j = 1, . . . , n. Inequality (3.3) follows 
from the equivalence of the norms in Vpg(lC) and Vp g 1 (Tj) with the norms 

+ oo ^ / +OC ^ / 

11-11 = ( E IICHI^)) " and ||fc|| = ( £ IK^II^-v...^)) , (3-6) 

respectively (cf. [9, Sect. 6.1]). ■ 

An analogous result in Wg'g(K.) is only valid under additional compatibility conditions on the bound- 
ary data. Denote by Tk + and Tk_ the sides of the cone K, adjacent to the edge Mk and by Ok the inner 
angle at Mk- If u G W g 'i(fC) and Sk < 2 — 2/s, then the trace of u on Mk exists and from the equations 
SjU = hj on Tj it follows that the pair {hk + |m,- , \m, ) belongs to the range of the matrix operator 
(5fe + , Sfc_ ). This condition can be also written in the form 

Akhk + \M k = Bkhk_\M k , (3.7) 

where Ak,Bk are certain constant matrices (see Section 2.1). 

Using Lemma 2.4 (see also Remark 2.1), one can prove the following result analogously to Lemma 

3.1. 

Lemma 3.2 Let hj G W 2 ~ 1/s ' s (Tjf- d i , fa G W l ~g~ 1/s ' s {Tj) d i and g G j(/C), -2/s < 4 < 2 - 2/s 
/or fc = 1, . . . ,n, be given functions such that the compatibility condition (3.7) is satisfied for k = 1, . . . , n. 
In the case S k < 1 — 2/s we assume additionally that dk + + d k _ is odd and 

sin26» fe ^0 if d k+ + d k _ = 3, cos fe cos 20 fc ^ if d k+ + d k _ G {1, 5}. 

Then there exist a vector function u G Wp'g(K.) 3 and a function p G W^g(IC) satisfying 

SjU — hj, Nj(u,p) = <pj onTj, j = 1, . . . , n, V • u + g G V^'g(IC) (3.8) 

and the estimate 

W u \\wl-; s (Kr + IHIwftjflC) ^ c (Sll'*jllw|- 1 /-.. (r ± ) 3-«« J +^2Uj\\ w ^/^ { r j )"i + Hsllw^oc))- 

If 4 < 1 — 2/s and dk + + dk_ is even for at least one k, then the assertion of Lemma 3.2 holds only 
under an additional compatibility condition on the edge Mk (cf. Lemma 2.5, Remark 2.2). We give here 
the corresponding result for the Dirichlet problem. An analogous result is valid in the general case. 

Lemma 3.3 Let hj G W%~g 1/s ' s (T j ) 3 and g G W^(/C), where -2/s < S k < 2 - 2/s for k = 1, . . . , n, be 
given functions such that 

hk+ \u k = h k _ \u k for k = 1, . . . , n. 
In the case Sk < 1 — 2/s we assume additionally that Ok ^ n, Ok ^ 2ir and 

n k _ ■ {d r h k+ )\M k +n k+ ■ {d r h k _)\M k = (g\M k + d t (h k+ -e fe )| Mfc ) sin 6^, (3.9) 



where e k is the unit vector on M k , r — dist(x, M k ), and t denotes the coordinate on M k . For S k = 1 — 2/s 
instead of (3.9) the generalized trace condition 



oo pet 



/>oo r 

JO Jo 



t s(0-l)+2 r - 



n k _ ■ d r h k+ (r, t) + n k+ ■ d r h k _ (r, t)-(g (r, t) - d t {h k+ (r, t) ■ e k )) sin 9 k 



drdt<oo 



is assumed to be valid. Here e is a small positive number, the functions h k± are considered near M k as 

o 

functions in the variables r, t, and g(r, t) denotes the average of g with respect to the angle (p in the plane 
perpendicular to M k (cf. Lemma 2.5,). Then there exists a vector function u G Wp'g(K.) 3 such that u = hj 

on Tj for j = 1, . . . , n and V • u + g G Vg '| (JC) . 

3.2 Operator pencils generated by the boundary value problem 

We introduce the following operator pencils 21 and Aj. 

1) Let T k± be the sides of K adjacent to the edge M k , and let 6 k be the angle at the edge M k . We 
consider the Stokes system in the dihedron V k bounded by the half-planes T° k± D T k± with the boundary 
conditions 

S k ±u = h ± , N k± (u,p) = 4> ± onT° k± . 
By A k (X) we denote the operator pencil introduced before Lemma 2.7 for this problem. Furthermore, 

(k) (k) 

let X\ denote the eigenvalue with smallest positive real part of this pencil, while A;, is the eigenvalue 
with smallest real part greater than 1. Finally, we define 



^ _ ( Re A^ fe) if d k+ + d k _ is odd or d k+ + d k _ is even and a k > Tr/m k , ^ ^ 

' Re A^' if d k+ + d k _ is even and a k < Tr/m k , 



where m k = 1 if d k+ = d k _ , m k = 2 if d k+ ^ d k _ . 

2) Let p = \x\, lj = x/\x\, Vh = {u G T^ 1 (SI) 3 : SjU — on jj for j = 1, . . . ,n}, and 

3 

a (( I )'( I ) ;A ) = loi2 / ^Y,^AU)-e i AV)-Py-V-{V-U)Q)dx, 

K|x|<2 

where U = p x u(u), V = p~ 1 ~ x v(uj) 1 P = p x ^ 1 p(u), Q = p^ 2 ^ x q(uj), u,v G Vh, L 2 {Ct), and A G C. 

The bilinear form a(-, •; A) generates the linear and continuous operator 

21(A) : Vh x L 2 (fi) -> Vn x L 2 (fi) 

by 

X a(A) ( U p )-( V q ) dw = a (( I )'( I ) ;A )' u > veV °> Me^fl). 

3.3 Regularity results for the problem in the cone 

The following results are based on Lemmas 2.6, 2.7 

Lemma 3.4 Let (u,p) G W^ S C (K\S) 3 x W}' 1 ' 8 (1C\S) be a solution of problem (3.1), (3.2). 

1) Ifu G V^ l+hS _ l+1 (JCf, p G V^ l+1<s _ l+1 (lC), f G V^ S {1C)\ g G V£>\K), h 3 G v£l'>'{Tjf-*> 
and fa G V^" 1 " 178 ' 8 ^)^', I > 2, then u G V^(/C) 3 , p G Vj^ 1,s (/C) and 

IMIv^(K)3 + Ibllv^-w ^ c (lMlv^ 1+M _ !+1 (K)3 + lbllv»i' I+ i.*-. + iW + ^Nr/'W + H^ll^-oc) 

n n 

+ ^2\\ h j\\v'- 1/3 - a (Tj) 3 - d i +5Zll^jllv'- 1 -v... (r ^i)- (3-11) 
i=i j=i 



2) Ifu e wJlVfc^-i+fcW 3 ' p e <- ; + s fe+ M- ;+fe ( /c )^ / e <7/'W, 9 e wj7/ ,a (JC), ^ g 

^/^•'(Tj) 3- ^, & G ^7 5 1 " 1/s ' S (rj) d3 ', i > fc + 1 > 2, 8j > I - k - 2/s, then u G W^(/C) 3 , 
p G Wg~fi' s ()C) and an estimate analogous to (3.11) holds. 

Proof: 1) Due to Lemma 3.1, we may assume, without loss of generality, that hj — and <pj = 
for j = 1,. ..,n. Let Cfe be the same functions as in the proof of Lemma 3.1. Furthermore, let rjk = 
Cfe-i + Ck + Ck+u Ck(x) = (k{2 k x), fj k {x) = Vk{2 k x), u(x) = u(2 k x), and p(x) = 2 k p(2 k x). By (3.4), 
the support of (k is contained in the set {x : 1/2 < \x\ < 2} and the derivatives of Cfc are bounded by 
constants independent of k. Obviously, 

— Au + Vp = f, — Vw = g in K, 

SjU = 0, Nj(u,p) =0 on Fj, j = 1, . . . , n, 

where /(a;) = 2 2k f(2 k x) and <j(x) = 2 k g(2 k x). Consequently, from Lemma 2.6 it follows that ( k u G 

^; S 5 (K) 3 , Ctpe^'W, and 

||Cfc«|| V( | ; J {K) 3 + ||CfcP|| V( |-l.« (K) 

< c (ll^fillv^v,.,^ + W^P\\ v °-J l+ltS _ l+1 (K) + ^fWvtf-VQ' + II^Hv^ 1 -^))- 

where c is independent of u, p, and k. Using the coordinate change 2 k x = y, we obtain the same estimate 
with (k,rik,u,p 7 f,g instead of (k,Vk,u,p, f and g, respectively. Since the norm in Vp S s (JC) is equivalent 
to the first norm in (1.8), this implies (3.11) for £ = r\ = 1. 
2) The second assertion can be proved analogously. ■ 

Corollary 3.1 Let (u,p) G W{£{K\Sf x wl~^ a {K\S) be a solution of problem (3.1), (3.2), and let (, 
i] be infinitely differ entiable functions on JC with compact supports such that r\ = 1 in a neighborhood 
o/suppC. Ifnu G V^ l+h5 _ l+1 (JCf, W G ^ 1+M _ i+1 (K), rjf G V l ^ s {K,f, rjg G V^''(K), rjh, G 

^^"'"(rj-) 3- ^, and r]<f>j G V^ -1- ^'"^)^, i > 2, tfien C« G Uj'j(/C) 3 , G V^ 1,s (/C) and an estimate 
analogous to (3.11) holds. 

Proof. We apply Lemma 3.4 to the vector function ((u,(p)- Obviously, 

3 

-A(Cu) + V(Cp)=C/-2^(^iO^«-«AC + pVC and - V • (C«) = C<7 - 5 ■ VC, 

Moreover, (£u, £p) satisfies the boundary conditions (3.2) with the data i?j = (hj and = £0j + 
Nj(V()u, where iVj(V£) are certain matrices depending on VC- Thus, in the case / = 2 the assertion 
of the corolllary follows immediately from Lemma 3.4. Using induction in I, we obtain the assertion for 
I > 3. ■ 

Lemma 3.5 Let (u,p) G Wp S s {K) 3 x W (3 ~ 5 1 ' s (/C) 6e a solution of problem (3.1), (3.2) smc/i that 

d P u G <: M ,(/C) 3 , 9 pP G W l f^ s ,{K), 
where I > 2, —2/s < 5k < 5' k < 5k + 1 for k = 1, . . . , n. Furthermore, we assume that 

/eC'W 3 ' 5 e<: M ,(/C), ^ewj+y-^) 3 "*, 0i e wj; 1 ^"^, i = i,...,n. 

// iftere are no eigenvalues of the pencils Ak(X) in the strip I — 5k — 2/s < Re A < I + 1 — 5' k — 2/s, 
k = l,...,n, then u G W l + + \%{Kf , Cp G Wfc i4 ,(£). 



3.4 Representation of the solution by Green's matrix 

Let / e W°a(/C) 3 , g e W^(K), hj G W%~ s 1/s ' S (Tj) 3 ~ di , 4>j e W^ 178 ' 8 ^)^. Our goal is to show that 
problem (3.1), (3.2) has a unique solution in W^' s (/C) 3 x W^j'|(/C) if the line Re A = 2 — /3 — 3s does not 
contain eigenvalues of the pencil 21(A) and max(2 — fik, 0) < 5k + 2/s < 2 for k = 1, . . . , n. 

Let k be a fixed real number such that the closed strip between the lines Re A = — ac — 1/2 and 
RcA = 2 — (3 — 3/s is free of eigenvalues of the pencil SI. Then, according to [25, Th.4.5], there exists a 
unique solution G(x,£) = (Gij(x,£)). _ 1 of the problem 



-A x Gj(x,Z) + V x G 4tj (x,0 = 5(x - (fcj.&j.fcj)* for x,£elC, (3.12) 
-V x -(?j-(a5,0=*4j<y(a:-0 for e K, (3.13) 
5 fc (5 j (a:,0 = ) JV fc (a !B )(^-(a;,0,G4j(a:,0)=0 for x G r fe , £ e /C, fc = 1, . . . , n, (3.14) 

(here Gj denotes the vector with the components Gij,G2,j,G3j) such that the function .t — » £(|a: — 
€\/ r (Q)Gi,j(x,£) belongs to W* (/C) for i = 1,2,3 and to W£ (/C) f° r i = 4, where £ is an arbitrary 
smooth function on (0, oo) equal to one in (1, oo) and to zero in (0, |). We denote by A_ < Re A < A + 
the widest strip in the complex plane containing the line RcA = — ac — 1/2 which is free of eigenvalues of 
the pencil 21(A). 

If hj = and <f>j = for j = 1, . . . , n, then the solution of problem (3.1), (3.2) has the form 

3 

= E / (fi® +%9(Z))GiAx,Z)dt + [ 9(QG iA (x,t)d£, i = 1,2,3, (3.15) 

j — \ J J & 

3 

p(x) = -g(x) + £ f (f j (0 + dbg($)G4j(x,0dt+ [ g(Z)G4 A (x,Qdt (3.16) 
j—i Jk. J k 

(see [25, Th.4.5]). In the following, we will show that (3.15) and (3.16) define a continuous mapping 

<1(£) 3 x V^(1C) 3 (f,g) (u,p) e W|;|(JC) 3 x wl%K) 

if 

A_ < 2 - (i - 3/s < A+ and max(2 - fj, k , 0) < 5 k + 2/s < 2 for fc = 1, . . . , n. (3.17) 

3.5 Estimates of Green's matrix 

The following estimates of Green's matrix are proved in [24, 25]. 
1) For | a; | > 2|£| there is the estimate 

\6%8lGi,j{x,Z)\ < c|a;| A -- 5 - 4 - |Q|+£ |^|-A— i-«j.*-|-y|-e 

where e is an arbitrarily small positive number. Analogously for |£| > 2\x\, there is the inequality 

\d%d]G id {x,£)\ < c|a;| A +-' 5i ' 4 -l a l- £ |£|-A+-i-^,4-h<l+e 

'rk(x)\ min (°^k-\a\-S iA -s) ™ /rfc(£)\ min(0,/i fc — — *j,4— e) 



fe=l 1 1 fe=l 
2) For |x|/2 < |£| < 2|x|, \x - £| > mm(r(x),r(£)), we have 



where T = 1 + 5»,4 + <5j,4- 



3) Let \x\/2 < |£| < 2\x\ and |a; - £| < mm(r(x), r(£))- Then 

\dZ%G itj (x,Q\ <c\x-t\- T -^-^. 
Moreover for i, j = 1, . . . , 4, there are the representations 

G 4d (x,0 = -^ x -Pj(x,0 + Qj{x,0, G lA (x,0 = -VfPi(x,Q + Qi(x,Q, 
where Pj(x, £) • n for x G T k , k = 1, . . . ,n, £ G D, Vi(x, £) • n for £ G r fe , ieD, and 

I^P^x.OI ^c^^-^-^-H-M, |a^g,(x,e)| <c Q , 7 r(C)- 2 -^-' tt H^, 
|c£c^(z,OI <Ca, 7 | a; -^|- 1 - 5 «-*-W-lTl, I^Qi^.OI <c Q , 7 r(£)- 2 -^- |QH71 
for |x|/2 < |C| < 2|x|, |z - £| < min(r(a;), r(0). 

3.6 Auxiliary inequalities 

In this subsection we prove estimates for an integral operator with kernel K{x, £) which satisfies the same 
point estimates as the elements Gij(x,£) of Green's matrix with a — 0/4 and r = Sj^. 

Lemma 3.6 Let be the same function as in the proof of Lemma 2.1 and let 



v(x) = ( m (x) [ mf(t)K(x,Odt 
Jk 



Suppose that m > I + 3, / G 5 _ T {K), and 

l**<*.o| <- c$£££n (rf ft ( r|))— > (3 . 18) 

/or x > 2|£|, |a| < 2 — cr, where a, r G {0, 1} and e is a sufficiently small positive real number. If (3 and 
5 satisfy condition (3.17), then 

ll«ll^ r/ .. W <c2-H-^||0/D w J fri ^ T oc) 
with positive constants c and <; independent of f . The same estimates holds if I > m + 3 and 

\ x \A + -a-\ a \-e j^j ^ r fc (x) ^min(0 :Alfc - ff -|a|- e ) " / rfc (g) x min(0,^ -r-e) 

|of x a^,^|sc ^ |A++1+r _ £ JUL V J JUL ^ |£| J 

/or |e| >2\x\, \a\<2-a. 

Proof: For a; G suppC™, £ G suppO, we have < |a;| < 2 m+1 , 2*" 1 < |£| < 2 l+1 . In particular, 

|a:| > 2|£| if m > I + 3. Therefore, by (3.18) and by Holder's inequality, 

/■ k|5 (0-2 +ff+ iai) tt c^y^i^^)^^ 

c2 sm(A-+f3-2 + e) J Jj ^ rfc ( g )y(f fc +mi,(0, w - g -|a|- e )) 



fe=l 

2" 1 ~ 1 <|:r|<2" l+1 



fe=l 

< c2 -(-^-^) l!6/IILo, / n (!^)) s(5fe+min(0 '«- CT - |a| - £)) 



2 m - 1 <|x|<2 m + 1 



fe=l ^ 



2 1 - I <ie'i<2 ! + 1 



for | a | < 2 — a, where s' = s/(s — l). Since s(<5fc + min(0, /Jfc — cr— \a\) > —2 and s'(min(0, /ifc — r) — Sk+r) > 
—2, we obtain 

This proves the lemma for m > I + 3. The proof for the case I > m + 3 proceeds analogously. ■ 

We will show an analogous result for the case \l — m\ < 2. For this we need the following lemma. 

Lemma 3.7 Let V be the dihedron (1.1), and let r(x) denote the distance of x to the edge. If a + [3 > 3 
and (3 < 2, then 

J |£ - *|~ a r(0 -/S < cr(x) 3 - Q - /3 

|i-x|>r(x)/3 

witft a constant c independent of x. 

Proof: The substitution ?y = x/r(x), r\ = £/r(x) yields 

\t-x\- a r(Z)- /3 dZ = r(x) 3 - a -> 3 ( \n - y\- a r(r 1 )- /3 dn. 



v v 

|£-x|>r(x)/3 \r,-y\>l/3 



Since r(y) = 1, the integral on the right is majorized by a finite constant c. This proves the lemma. ■ 

In the sequel, let k(x) denote the smallest integer k such that r k ( x ) — r(x). 

Corollary 3.2 Let c\,C2,a, {3j,-fj,5j be real numbers such that -fj + S j < 2 and 3 — a + [3j — Sj < for 
j = 1, . . . ,n. Furthermore, let K, x = {£ £ K : ci|a;| < |£| < C2\x\, |£ — x\ > r(x)/3}. Then 

with c independent of x. 

Proof: Without loss of generality, we may assume that r(x) = r\(x), i.e. k(x) = 1. Then the left-hand 
side of (3.19) is equal to 



\x\ 3 - a ri 



where y = x/\x\, r\ — £/\x 

Suppose first that r(y) — r\(y) < ri(y) for i = 2, . . . , n. We denote by K^p the set of all rj G fC y such 



that r{rj) = r\{rf) < rj{rf) for j — 2, . . . ,n. Obviously, this set is contained in a dihedron V with edge 
M D Mi. Therefore, by Lemma 3.7, 

r (i) " ■ 7=1 x> 

< cr 1 (y) 3 - Q +' 31 - 51 . 

Let /Cy \ i = 2, . . . , n, be the set of all r) e /C y such that r(r/) = ^(77). Obviously, there exists a constant 
c > such that 

c < \y - 77 1 < c 2 + 1 if n(y) < rid/), V ^ i> 2- 



Consequently, 

f \ y - v \-^U^LY lkM f[(JjMy Si dv < c f r ( V )-^- 6 ^ dri <c<cn(yf- a +^ 
^ |y/l ■ -ii/i J 

r (i) 3~ r (i) 

y y 

for i > 2. This together with (3.20) proves (3.19) if r(y) = ri(y) < rj(y) for j = 2, . . . , n. 

Suppose now that r(y) = ri(y) = r^y) for a certain i > 2. Then, there are the inequalities 

co < r(y) < \y\ = 1 and c /3 < |y - 77 1 < c 2 + 1 for 77 G tC y 

with a positive constant cq. Therefore, 

J ly-^^ijy^Y^' f[(^Y' t3 drj < c J r( V )-^- 5 ^> drj < c <c ri (yf- a +^ 

/C y ^ 

what implies (3.19). The proof is complete. ■ 
We introduce the functions 

X+{X ' 0=X (^W)' ^(^0 = l-X + (^0, (3.21) 

where \ isi an arbitrary smooth cut-off function on [0, 00), x(t) = 1 for t < 1/4, x(t) = for t > 1/2. 
Furthermore, let fi x — ^k( x )i where k(x) is the smallest integer k such that r(x) = rk(x). 

Lemma 3.8 Let ( k be the same function as in the proof of Lemma 2.1 and let 

v(x) = ( m (x) f b(0f(0x-(x,t)K(x,Qd£, 
where \l — m\ < 2 and f G W^ T S _ T (IC). Suppose that 

1^,01 <ck-r— H(JfiL) (JSL) ,3.22, 

/or |a:|/32 < |£| < 32|x| ; — £| > r{x)/A, \a\ < 2~a, where a,r G {0,1}, £ is a sufficiently small positive 
real number. If max(0, 2 — fj,).) < 6 k + 2/s < 2 /or fc = 1, . . . , n, then 

W v \\wly^(ic) ^ c \\^f\\w°-° TjS _ T (K) ■ 

Proof. Let |a| < 2 — a. Obviously, |9"t;(a;)| < c ^ \ X V 3 '^7(^)1 where 

j+| 7 | = |a| 

/1 1/ rfx) \ min(0,Ai m -<r-|7|-£) / r (C) \ min(0,Ai 5 -T-e) 
k-r 1 — "(^) (^) io(o/(oi « 

|a;-{|>r(x)/4 

We have to prove that 

J k \x\^+°+^ J] (^) >7(-)| S ^ < cH0/ll^. Vf _ r(K) (3-23) 



for I7I < 2 — a. Let first a + r + | — y | 7^ 0, and let s' = s/(s — 1). Using Holder's inequality and Corollary 
3.2, we obtain 



AC 

|x-£|>r(x)/4 



|x|/32<|£|<32|x| 
|x-£|>r(x)/4 



x (rBi) min(0 " 4 _r_£) n (¥f) " s ' Sfc «) s 1 

F si fe=1 Isl 



< N (-l)( 2 — r-M)Jj(!^) (8 - 1)(2 - ff - T -' 7l) -" fc y I* -€1-1 — M 

fe=l ^ 

|x-£|>r(x)/4 

x^P^"^ (3-24) 

provided satisfies the inequalities 

max(2 - ex - r - |7|, 2 - r - /U fe ) < s's fc < min(2, 2 - r + ^ fe ). (3.25) 

We put tk = —t if a + \-f \ = 2, tk = max(l — r, 2 — t — /U/j) — max(0, 2 — jitfc) if a + |-y j = 1. In the case 
cr = |7| = 0, r = 1 let tk be arbitrary numbers in the intervals l — 5k — 2/s<tk< 1 — 6k — 2/s+min(l, /j,k). 
Obviously, — t < tk < 2 — a — \j\ — r. Due to condition (ii), the numbers Sfe can be chosen such that, 
additionally to condition (3.25), the inequalities 

1 1 

S k + t k + -max(0,T - fj, k ) < s k < 6 k + t k + - min(cr + r + |7|, r + /z fc ). 

are satisfied. Consequently, by Corollory 3.2, 

^ fe=i 1^1 

< c / W .^)-^in r-| 7 |) 1 i^^-i-.-.-M 

AC k=l AC 

2 m - 1 <|a;|<2" , + 1 |x-£| >r(x)/4 

/ r(x) \min(0,^-a-| 7 |-e)/ r(0 \ min(O lAJ£ -r-e) ™ / rfe (£) n 

x lb^J (b^J IHtJ 10/1 



■sV M*-sV i^lCI 

< c I |^ r (/J-r)-2 +ff+ r + |7l JJ (^)"* 10(0/(01' / I* ~ 

AC fe=1 2 m - 1 <|x|<2 m+1 

k-«|>r(|)/5 

/ r(x) \ min (°.Mx-«^-|7|-e) / r(0 \ min (°^{-T-e) -j^j- / rfe (x) \ s(<5 fc — s fc +i fe ) — 2+cr+-r+|'y| 

< c /,^) n(^)^ +tfc) io(o/(or^. 



This proves (3.23) for a + r + |-y | ^ 0. If a = t = \"f\ = 0, then Holder's inequality yields 



j£ k — 1 y~ k — 1 

iix-^n^r k<(o/(ok. 

1(- — 1 



AC 

2 1 - 1 <|£|<2 1 + 1 



< c 

Therefore, 



<c/i^n(rfi)*ioe)/(or( / i.-«i-n 

JK fe=l M £ fe=l 1 1 



K. 

2 m - 1 <\x\<2 m+1 



<< [\^n(^) sSk \mm\ s dz. 

JK k=l 

This proves the lemma. ■ 

Lemma 3.9 Let x + be defined by (3.21), a G {0, 1}, 



v(x) = ( m (x) / 0(0 f(0x + (x, QK{x,S)d£, \l-m\<2. 
Jk 

1) If f € Vp'g(IC), and K(x,£) satisfies the estimate 

\d°K(x,t;)\ <c|x-er 1_CT_|a| for \x\/32 < |£| < 32\x\, \x - £\ < r(x)/2, \a\ < 1 - a, (3.26) 

then 



\V\Url 



<c\\(i.f\\v«-i(K:)- 



2) If K(x,£,) has the representation K(x,^) = \7^P(x,£,) + Q(x,^), where 

\d2P(x,o\ ^cix-er 1 -^ 1 " 1 , 1^0(^,01 <cr(c)- 2 - ff - |a| (3.27) 

/or \x\/32 < |£| < 32|a;| ; \x-£\ < r(x)/2, \a\ <l-cr, and P(x,£) •n^ = /or £ £ r j; j = l,...,n (here 
denotes the exterior normal to Tj), then 

Proof. 1) By our definition, the function X + { x >0 vanishes for \x — £| > r(x)/2. Note that 

±\x\ < |£| < 32|ar|, ^r fe (z) < r fc (0 < |r fc (a;), and i r (a:) < r(£) < \ r(x), (3.28) 

for x G suppCm, £ G suppO, and |a; - £| < r(x)/2. Let JC X = {£_ G /C : |x|/32 < |£| < 32|x|, |ic - £| < 
r(x)/2}. Then 

\dy(x)\<c [ k-^r 1 — H|0(0/(0|^ 

and, consequently, 

|a>(x)| s < c y k-er w - H |o(o/(or^ ( / k-^- 1 — h^) s_1 

\x-{\<r(x)/2 

< crix^-w-'-^ f \x - tr 1 -^ low m\ s dt 



for \a\ < 1 — a. Using (3.28), we obtain 

< c jf | €r 0»-^l-l) J] ) •C-^N) r(0 (.-i) (9 -.-,«,) ( J \x- €1-1—1-1 d£ 

fe=1 ' |x-«|<r(|) 

< c / K i^n(^) s5fc io(o/(or^. 

This proves the first part. 

2) The second part can be proved analogously using the estimate 

\dy( x )\<cf (\x-z\- 1 -*- |a| |v«(0/)|+KO- 2 " CT " H ICi/l)de 

which follows from our assumptions on K(x,^). m 

3.7 Existence of solutions 

Let / e W° ,8 (/C) 3 , g e Wj;J(/C), ftj G W|~ 1/8 ' 8 (r,,) 3 - d J, e W^ 1 " 178 ' 8 ^)^. Our goal is to show that 

there exists a solution E VF|'^(/C) 3 x W^' s (/C) of problem (3.1), (3.2) if the following conditions are 

satisfied. 

(i) there are no eigenvalues of the pencil 21(A) on the line Re A = 2 — [3 — 3/s, 

(ii) max(2 — /Life, 0) < 5k + 2/s < 2 for k = 1, . . . , n. 

(iii) /ij, (pj and g are such that there exist u S '|(/C) 3 and p s VF^ :S (/C) satisfying (3.8). 

The last is a condition on the traces of g, <f>j, hj and the derivatives of hj on the edges of the cone K (see 
Section 3.1). 

Lemma 3.10 Let X, y be Banach spaces of functions on K. in each of them the multiplication with a 
scalar function from Cq°(/C\{0}) is defined. We suppose that the inequalities 

ii/iu>c( ^ no/ii 8 ,) s , n«b<c( X! no*) 

J — — oo J — — oo 

are satisfied for all f E X , u E y. Furthermore, let O be a linear operator from X into y defined on 
functions with compact support in /C\{0} such that 

\\CmOCif\\y<c2-^- m \ HO/IU 

with positive constants c, <; independent ofl,m and f. Then \\Of\\y < c \\f\\x for all f E X with compact 
support in K.\{0}. 

The proof of this lemma can be found in [18]. 

Theorem 3.1 Let f E W°' 8 (£) 3 , g E W£j(/C), h 3 E W 2 ^' 8 ' 8 {T 3 f~ d ' , and <f> 3 E W 1 j 1/s ' s (T j ) d * . 

Suppose that conditions (i)-(iii) are satisfied. Then there exists a solution (u,p) E W|' 8 (/C) 3 x W^' 8 (/C) 
of problem (3.1), (3.2) satisfying the estimate 

n 



Proof. Without loss of generality we may assume that hj — 0, <j>j — 0, and g G V^'|(/C). We consider 
the operator 

X <j(K) 3 x V^(/C) 9 (/,<,) - = 

where u and p are defined by (3.15), (3.16) and dj are the elements of Green's matrix introduced in 
Section 3.4. Then by Lemma 3.6, 

K m OCi(.f,g)\\y < c2-\ l -^\\Ci(f,g)\\ x (3.29) 

for \l — m\ > 3, where y — Wp'g(JC) 3 x W^iJC) and c, q are positive constants independent of /, g, I, m. 
In order to prove the same inequality for \l — m\ < 2, we introduce the functions 

3 

«?(*) = E / CKO 6(0 X^OGij / 0(05(0 x ± (z.OGmC^K, i = 1,2,3, 

3 

p ± (x) = -ci(x) 9 (x) + J2 f o(t;)m)x ± (x,t;)G iij (x,odz+ f 0(0 <?(0 X ± (^, 0^4,4(^,0^, 

where x + and X~ are defined by (3.21). Then 

-A(«++u-) + V(p + +p-) = Ci/, -V-(u+ + u-) = Ciff m/C 

and Sj(u + + u~) = 0, Nj(u + + u~ ,p + + p~) = on Tj. Furthermore, by Lemmas 3.8, 3.9, there are the 
inequalities 

\\( m (u-,p-)\\y < c\\0(f,g)\\ X , IIC m (« + ,P + )lly^ i5 _ i(K ) 3x y^ i ^ i(K ) < c\\Q(f, g)\\ x (3.30) 
if \l — m\ < 3, where c is independent of /, g, I, m. Let i] m — Cm-i + Cm + Cm+i- Then, by Corollary 3.1, 

|CmU + ||y|.= ( /C )3 + IICmP + ||y 3 i.»( /C ) 

'(\\ T lmU + \\ v i : s i ^_ i(K)3 + \\V m P + \\v° L \ 6 _ 1 (IC) + \\VmCl(f,9)\\x + \\Vm(u~ ,P~)\\yj 



< Ci 



for \l — m\ < 2. Due to (3.30), the right hand side of the last inequality can be estimated by the norm of 
(l(f,g) in X. Consequently, 

\\C m (u + + u-,p++p-)\\y<c\\Ci(f,g)\\ x for \l - m\ < 2. 

Thus, estimate (3.29) is valid for arbitrary I and m. Now the assertion of the theorem follows immediately 
from Lemma 3.10. ■ 

3.8 Uniqueness of the solution 

First we prove the uniqueness of the solution in Theorem 3.1 in the case s > 2. 

Lemma 3.11 Let s > 2, and let the conditions (i), (ii) be satisfied. Then the homogeneous boundary 
value problem (3.1), (3.2) has only the trivial solution (u,p) = (0,0) in W^'g(IC) 3 x W^'g(IC). 

Proof: Let (u,p) £ 1T|'|(/C) 3 x W^I(1C) be a solution of the homogeneous problem (3.1), (3.2). By \ 
we denote a smooth cut-off function on K, equal to one for \x\ < 1 and to zero for \x\ > 2. Furthermore, 
we set [3' — f3 — § + | and 5'j = 5 j — 1 + | for j = 1, . . . , n. Then, by Holder's inequality, 

/ K P^' +£ - 2+itti) n(7) 2(5K£) i^(x«)i 2 ^ 
<(/^-^n(^) ,a, ifl5?(x«)i^) 9/ '( / p- 3+s,£ u{^y 2+qE ^ 

K, 
\x\<2 



where s' — 2s/ (s — 2). The second integral on the right is finite if e > 0. Consequently, x u G 
W|;+ £)5+e (/C) 3 and X P G W^ 2 +£ g+E (IC). Analogously, we obtain (1- X )u G Wj£ ei4 _ e (/C) 3 and (1- X )u G 
5 _ e (/C). This implies 

-A( X «) + v(xp) = a((i - 0)«) - v((i - g w#l ei5 _ e (/c) 3 , 

and, analogously, V-(*u) G W°/_ £tS _ £ (IC), S^u) G ^^..(r,) 3 "^ and Nj( X u, X p) G W|/!^_ £ (r,)^ . 

From this and from [25, Th.4.1] it follows that x« G Wp 2 _ ES _ £ (tC) 3 and xp G W^;i £)i _ e (/C). The same 
is then obviously true for u and p. Hence, by Theorem [25, Th.4.1], we have u = and p = 0. ■ 

It remains to prove the uniqueness of the solution in Theorem 3.1 in the case s < 2. In this case we 
pass to the coordinates t, w, where t = logp = log|x| and lo — x/\x |. We denote by W l /{R x ft) the 
weighted Sobolev space with the norm 

a, i l j s 
2ll^«(*.-)ll^«-i.. (n) *) 

Note that u G W^/C) if and only if pP- l+3 / s u (as function of the variables t and lo) belongs to Wj' s (M x 

ft). 

For an arbitrary function v G W^' S (M x ft) we define by v £ the mollification with respect to the variable 
t of v, i.e., 

V £ (t,Uj) = / v(j,U))h e (t — T)dT, 

Jr 

where h e {t) = s~ 1 h(t/e) and /i is a smooth function with compact support, / h(t) dt = 1. Since 

d5d> +k v e {u>,t) = f (dZd k v)(aj,r)h^(t-r)dr, 
Jr 

it follows that d{v £ G Wj' s (lR x ft) for v G W|' S (R x ft), e > 0, j = 0, 1, . . .. 

Theorem 3.2 Let (3 G R, S G R n , / G Wjj(AC), ff G W^{K), h 3 G t^/ 7 ^^) 3 -^ , and fa G 
^3 a 1 ^ 8 ' 8 ^')^ ^ e suc h that conditions (i)-(iii) are satisfied. Then problem (3.1), (3.2) has a unique 
solution (u,p) G WpHJCf x W^/C). 

Proof: The existence existence of the solution and the uniqueness for s > 2 are already proved. We 
show the uniqueness for the case 1 < s < 2. Let (u,p) G W^'|(/C) 3 x W^'|(/C) be a solution of the 

homogeneous problem (3.1), (3.2). Since W l £ s (K.) C W l / 5 ,(1C) if 5 - < 5' 3 for j = 1, . . . , n, we may assume, 
without loss of generality, that max(2 — /ij, 1) < Sj + 2/s < 2. 

From Lemma 3.4 it follows that u G W 3 '* ls+1 (lC) e and p G W|^ 15+1 (/C). We set v = p^~ 2+3 ^u 
and q = p f3 ~ 1+3 / s p. Then, in the coordinates t = log \x\ and lo — x/\x\, we have v G W^QR x ft) 3 and 
g G W 2 ^(R x 0) = Vf^QR x O). Consequently, G W 3 ^(R x ft) 3 for j = 0, 1, 2, . . .. From Corollary 
1.1 we conclude that v £ G W^ 2+2/s (R x ft) 3 C W^ 2 (R x ft) 3 . Thus, the function u £ = p-^ +2 ~ 3 / s v £ 
(as function in x) belongs to the spaces Wp' 2 3 ^ s _ 5 ^ 2 (K.) 3 . Analogously, using Lemma 1.4, we obtain 
p £ = p~ f3+1 ~ 3 / s q £ G W /r / 3+3/ s _5/2 o(^)- ^ can ^ e easii y seen that (u £ ,p s ) is also a solution of the 
homogeneous problem (3.T), (3.2). According to [25, Th.4.2], this problem has no nonzero solutions 
in W / / 3+3/ s _ 5 /2 o(^) 3 x ^/3+3/s-5/2 o(^) - Therefore, u £ — 0, p £ — what implies u = 0, v = 0. The proof 
is complete. ■ 

Theorem 3.3 Let (u,p) G W 2 f s ,(IC) 3 x W^f s ,(IC) be a solution of problem (3.1), (3.2), where 

f g w#|(/C) 3 n <<>(/c) 3 , ff g w$(lC) n <'>(/c), 

ftj g <^ 1/S ' s (r,) 3 -^ n <r 5 y^(r,) 3 -^, ^. g </ /s ' s (r,)^ n <r 5 V^(r,)^. 



Suppose that there are no eigenvalues of the pencil 21(A) in the closed strip between the lines Re A = 
2 — (3 — 3/s and Re A = 2 — [3' — 3/a, S and S' satisfy the inequalities max(0, 2 — /j,k) > Sk + 2/s < 2, 
max(0, 2 — /Xfc) > S' k + 2/a < 2 and 5, hj, (j>j satisfy condition (iii) of Section 3.6. TTien w G '|(^C) 3 <wid 

pG W^/C). 

Proof. By Theorem 3.2, there are unique solutions of problem (3.1), (3.2) in W^JC) 3 x W^(/C) and 
Wpf s ,(JC) 3 x W^/C). These solutions coincide, since they are represented by the same Green's matrix. 



4 Weak solutions of the boundary value problem in a cone 

4.1 Definition of weak solutions 

Obviously, the bilinear form 

3 

b(u,v) = 2 J~] e it j(u)sij(v)dx (4.1) 



is continuous on W^l(K) 3 x W_'i _ S (IC) 3 , where s' = s/(s — 1). We suppose in this section that the line 
Re A = 1 — (3 — 3/s is free of eigenvalues of the pencil 21(A) and that 

max(l - n k ,Q) < S k + 2/s < 1 for k = 1, . . . , n. (4.2) 

Then -S k > 1 - 2/s' and, therefore, W_j _ s (IC) = V_^_ 6 {K). By Vfo 1,s (AQ we denote the dual space 

of _ S (IC) 3 . It can be shown analogously to [1, Th.3.8] that every functional F 6 V^ s '\Kf has the 
form 

3 

F{v) = j /(°) -vdx + J2 I f (k) d ^ v ■ dx for a11 v G V-Jj'-sCQ 3 . ( 4 - 3 ) 
J/c k=l K 

where /(°) G V£_ s M+ i(K) 3 and /(*) G ^(/C) 3 , fc - 1,2,3. 

Let F G V~]' S {JC) 3 , g G ;|(/C) and ftj G W^~/ /s ' s (Tj), j = l,...,n. By a weak solution of problem 
(3.1), (3.2) we mean a pair (u,p) G W^ S S (JC) 3 x W^j(/C) 3 satisfying 

b{u,v) - I pV-v = F(v) for all v G vY^/C) 3 , S> = on r j; j = 1, . . . ,n, (4.4) 
—V • u = g in K., SjU = hj on Tj, j = 1, . . . , n. (4-5) 
From Green's formula 

b(u,v)- / pV-vdx = / (-Am - VV • u + Vp) • vdx + V] / (-pn (l) + 2e(u)n {j) ) ■ v dx 
Jk Jk j=1 JTj 

it follows that every solution (u,p) £ W^(/C) 3 x VK°;|(/C) 3 of problem (4.4), (4.5) satisfies (3.1), (3.2) if 
g G i4+1 (/C), G W^J+i^), and F has the form 

= / (/ + v 5) ' v dx + it, I <f>j - vdx for all w e V\ s '_ 5 (/C) 3 , S> = on Tj, j = l,...,n, 
Jk j^Jvj 

where / G W°^ hS+1 (IC) 3 , ^ 6 W^J^Tj). 

Let k be a fixed real number such that the closed strip between the lines Re A = — k — 1/2 and 
Re A = 1 — (3 — 3/s is free of eigenvalues of the pencil 21. Then, according to [25, Th.4.5], there exists 
a unique solution G(x,£) = (Gjj ,(x, £)) . _ 1 of the problem (3.12)-(3.14) such that the function x — ► 



C(\x-C\/r(0) G itj (x, belongs to W^(JC) for i = 1,2,3 and to W°'q(/C) for i = 4, where C is an arbitrary 
smooth function on (0, oo) equal to one in (l,oo) and to zero in (0, \). We denote by A_ < Re A < A + 
the widest strip in the complex plane containing the line ReA = — k — 1/2 which is free of eigenvalues of 
the pencil 21(A). 

Suppose that hj = for j = 1, . . . , n and F G Vpg' s (IC) 3 is given in the form (4.3). Then, analogously 
to (3.15), (3.16), the following representation for the solution of problem (4.4), (4.5) holds. 

3 



«i(*) = E / (fj \® G iAx,® + £fj k) (O%kGiAx,O)<%+ f 9(H)G iA (x,Z)d£, (4-6) 

j=l Jk k=l Jk 

p{x) = -g{x) + ^2 f (fS \OG A j{x,0 + 52ffHWt>G*A*,Zj)dZ+ I Ga,a{x, d£. (4-7) 

3=1 JK fe=l JK 

4.2 Auxiliary inequalities 

Our goal is to prove that (4.6), (4.7) define a continuous mapping 

tftW*) 3 x x vftM 3 (/<« / (1) ,/ (a) ,/ (8) ,ff) - e <1(/C) 3 x <;|(/C) 

if (5 satisfies condition (4.2) and (3 satisfies the inequalities 

A_ < l-/3-3/s< A+. (4.8) 

The following lemmas allow us to estimate the integrals containing f( k \ k = 1,2,3, and g in (4.6) and 
(4.7). 

Lemma 4.1 Let (k be the same function as in the proof of Lemma 2.1 and let 

v(x) = U(x) [ mf(t)K(x,0dt 
Jk 



Suppose that m > I + 3, / S W^g(IC), and 



i**c*.oi scfe^^n (I*))""— -> g ( i|))~-> (4 . 9) 

/or a; > 2|£|, \a\ < 1 — <r, w/iere cr e {0, 1} and e is a sufficiently small positive real number. If S and (3 
satisfy conditions (4.2) and (4.8), then 

with positive constants c and <; independent of f. The same estimates holds if I > m + 3 and 

\f¥*V( fiV <T |a:| A+ - g - |Q,| - e A ,r k (x)\"*»(0 >llh -*-\a\-e) JL x rfe (£) v min(0,^-l-e) 



for |£| > 2|x|, |a| < 1 - cr. 



The proof of Lemma 4.1 proceeds analogously to Lemma 3.6. Note that the elements Gi t 4,(x,£) of 
Green's matrix and the derivatives d^ k Gij (x, £), j = 1, 2, 3, satisfy the assumptions on the kernel K(x, £) 
(with a = Si_i) of Lemma 4.1 and of the following lemma. 

Lemma 4.2 Let (k be the same function as in the proof of Lemma 2.1 and let 

v(x) = ( m (x) [ Ci(Of(Qx-(x,t)K(x,Qd£, 
Jk 



where \l — m\ < 2, \ is defined by (3.21), and f G W^ T S _ T (IC). Suppose that 

|«S?^C-.«| < « |« — -el- 3 * — (-j^^^-)—^ -*— — — 5 ( 1 ^^^ r )~ fa ' C€> -*-*- :B - — > (4.io) 

for \x\/32 < |£| < 32|x|, \x — £| > r(x)/&, \a\ < 1 — a, where a e {0, 1}, e is a sufficiently small positive 
real number. If 8 satisfies condition (4.2), then 



\\v\\ w ij,s {K) <c\\Cif\\ w o,s s{K) . 
Proof. Let \a\ < 1 — o. Obviously, |9"u(o;)| < c |a;| _J 'Ay(a:), where A 1 satisfies the inequality 

j+| 7 |=|a| 

(3.24) with r = 1 provided 

max(l - a - Yl\, 1 - fj, k ) < s's k < min(2, 1 + /U fe ), s' = s/(s-l). (4-H) 

If additionally 

5k + tk + - g max(0, 1 - fj, k ) < s k < 6 k + t k + ^ min(l + a + \-y\, 1 + fj, k ), (4-12) 

where 

1 — max(0, 1 — n k ) for cr = = 0, 



then, using Corollory 3.2, we obtain 



forcr+|7| = l, 



/ \ x \^-^nf\( r 4^y Sk \A 7 (x)\ s dx 

Jk fc=1 v \x\ > 

<c J i,r^-^n(f) s( ^ st)+( " )MH7l) / k-r 2 -^ 1 

2 m - 1 <|s|<2 m+1 |x-£|>r(a;)/4 
/ r(x) vmin(0,M.-^-|7|-e)/ r(|) v min(0,„ t -l- e ) » /r fe (£)\-* 

Ir^J iAneP 10/1 € 

< c / | € |./»-^i7i n (^) ssfc | 0( o/(or / - cr 

!T k—1 VY}. 1 ^ I I ^ TTJ. —I— 1 



-2-a-|7l 



2 m - 1 <|x|<2 m + 1 
k-||>r(|)/5 



s/3 fr / rfc(g) \ «(*»+«») 



/c=i 



/ r(x) \ min(0,;*x-<T-|7|-e) / r (£) \ min(0,^-l-e) / r , (a;) \ s(5fc-s fs +t fe )-l+cr+|7| 

< c / n(^r K Hc^/(oi>. 

.//c fe=1 Fl 

It can be easily verified that for a + \j\ < 1 there exist real numbers satisfying (4.11), (4.12). This 
proves the lemma. ■ 

The assumptions on K(x, £) in the following lemma are satisfied by d^G^j, j = 1, 2, 3, and G^i. 
Lemma 4.3 Let 

v(x) = Cm(x) f Cl(0f(0X + (x,0K(x,0dZ, 

Jk 

where \l — m\ < 2, f G V^{K), and \ + is defined by (3.21). Suppose that K(x,£) has the representation 
K(x, = -V x • P(x, + Q(x, £), where 

\P(x,0\ <c\x-£\- 2 , \Q(x,0\<cr(t)- 3 (4.13) 



for \x\/32 < |£| < 32|a;|, \x - £\ < r(x)/2, \a\ < 1 - a, and P(x,£) ■ = for x G T jt j = 1, . . . , n 
(here denotes the exterior normal to Tj), then 

||.|| y - i;!5 _ i(K) <c||0/|| y o, a(K) . (4.14) 
with a constant c independent of l,m and f. 

rl, S ' 



Proof. Let w e V^ p i _ 5 {K), s' = s/{s - 1). Then 



/ v(x) w(x) dx = / A(x) w(x) + B(x) ■ Vw(x) dx, (4-15) 
Jk jk 



where 



A(x) = (P(x, V x (( m (x) X + (x, 0) + Cm(x) x + (x, Q(x, 0) 0(0 f(0 d£, 

B(x)= f ( m (x)x + (x,0P(x,0m).f(0d{;. 
Jk 

We have to show that A e Vfj$(IC), B e V^ ^IC) 3 , and 

W A \\v° : ;(K) + II b II^i- 1i4 _ i( k:)3 < c Kif\\v^ { K) ■ (4-!6) 

We introduce the set K x = {£ £ K : |z|/32 < |£| < 32|z|, \x - £| < r(x)/2}. Note that there arc the 
inequalities (3.28) for x E supp£ m , £ e suppO, and \x — £| < r(x)/2. Since 

\P(x, V, (C m (aO x + (^, 1 + \Cm(x) X + (x, Q(z, 1 < cr(x)- 1 |x - £p 2 
for £ e supp Q , we obtain 

ia(x)| s < cr (xr(| ix-^- 2 |Ci(0/(0|de)' 

< cr(x)- s | \x-^\- 2 \Q(0f(0\ S ^( J k-r 2 ^)*" 1 

|x-£|<r(x)/2 

< cr^)- 1 / k-<er 2 |o(o/(or^e 

Consequently, 

\\a\\^ S{k) <c [ \x\°pf[(p^y 5k r {x)-'(f k-r 2 |o(o/(0|>)^ 



|s-||<r(£) 

Analogously, we obtain 

\B(x)\ s < crixy- 1 f \x-Z\- 2 \M)m\'dZ 

what implies the desired estimate for the norm of B in V^ ^Kf. Estimate (4.14) is an immediate 
consequence of (4.15) and (4.16). ■ 



4.3 Existence und uniqueness of weak solutions 

Let F G Vp]' s (1CY, g G W%$(K) and h k G / /s ' s (r fe ) 3 -^ , fc = l,...,n. We suppose that the 
following conditions are satisfied. 

(i) The line RcA=f — (3 — 3/s does not contain eigenvalues of the pencil 21(A). 

(ii) max(0, f — fik) < 5k + 2/s < 1 for k = 1, . . . , n. 

(iii) The vector functions hj G Wl ^"^(I^) 3- ^ are such that there exists a vector function w G 
Wp'fi(K.) 3 satisfying the condition SjU = hj on Tj, j = 1, . . . , n. 

The last is a condition on the traces of the boundary data hj on the edges of JC. These traces exist since 
5k + 2/s < 1. Let L J+ , Lj_ be the sides of IC adjacent to the edge Mj. Then condition (iii) is equivalent 
to (3.7). 

Theorem 4.1 Let F G V~]' S {JC) 3 , g G W°' S S (JC), and hj G W^ 178 ' 8 ^) 3- ^ . Suppose that conditions 

(i)-(iii) are satisfied. Then there exists a unique solution (u,p) G Wl'' s {Kf x W^j/C) of problem (4.4), 
(4.5). 

Proof: Without loss of generality, we may assume that hj = 0. Suppose that the functional F is given 
in the form (4.3), where /W = and /W G V^/C) 3 for fc = 1, 2, 3. We consider the operator 

* d - (n ^) 3 ) x ^ (/ (i) J / (2) ^/ (3) ^) - o(/ (i) ,/ (2) ,/ (3) ,<?) = 

fc=l 

where u and p are defined by (4.6), (4.7) (with /(°) = 0) and Gij are the elements of Green's matrix 
introduced in Section 3.4. Then by Lemma 4.1, 

||Cm0O(/ (1) ./ (2) ./ (3) ,5)lb < c2-^ ||0(/ (1) ,/ (2) ,/ (3) ,3)lk (4-17) 
for \l — m\ > 3, where 

and c,<; are positive constants independent of f^ k \g,l,m. In order to prove the same inequality for 
\l — m\ < 2, we introduce the functions 

3 3 

«?(*) = EE / ci(o/i fc) (Ox ± («,o%Gij(».Ode+ / c^mox^-ogmC^k, 

3 3 

^(a:) = + EE f o(0/i fe) (Ox ± (^0%G 4;j ( a; ,o^ 

j=l fe=l 

+ / Ci(05(0x ± («,0G ! 4 1 4(a:,0de. 

where x + and X~ are defined by (3.21). Then 

b(u+ +u~,v)- j (p+ + p")V • w dx = F(Qv) for all v G V^ s '_ 5 (/C) 3 , SfcW = on T fe , 

— V • (u + + u~) = Qg in K, and Sj(u + + u~) = on Tj. Furthermore, by Lemma 4.2, we have 
( m (u~,p~) G y and 

||Cm(«-,p-)||y < c ||0(/ (1) ,/ (2) ,/ (3) ,5)IU (4-18) 
if |i — to | < 3, where c is independent of /, g, I, to. From Lemmas 3.9 and 4.3 it follows that 

IIC^ + llv-°^_ l( /c)3 + K m P + \\ v -_Y 5 _ i{lc) <cKi(.f {1 \.f {2 \f i3 \g)\\ x (4.19) 



The vector function (u + ,p + ) is a solution of the problem 

b(u+, v) - I p+V-vdx^ F(v) for all v G V^[_ 5 (K,f, S k v = on r fe , k = 1, . . 
—V • u + = Qg + V • u~ in /C, SjW + = —Sjit~ on L.,, j = 1, . . . , n, 



where 



F(v) = F((iv) -b(u~,v)+ / p~V-vdx 

JK 



Obviously, C, m F G Vg s ' s (^- Let r; m = Cm-i + Cm + Cm+i- Then, by an estimate analogous to that in 
Corollary 3.1, 



\K m U + \\ v l,s (lc)3 + \\CrnP + \\ V o.J {K) 

<c(\\VmU + \\ v «, isi(fc)3 + hmP + \\ v - Xs _ i{K) + ||r? m 0(/ (1) ,/ (2) ,/ (3) ,5)lk + \\Vm(u-,p-)\\y) 

for \l — m| < 2. Due to (4.18) and (4.19), the right hand side of the last inequality can be estimated by 
the norm of / (2) , / (3) ,5) in Consequently, 

||C m (« + + W -,p + +p-)b< C ||0(/ (1) ,/ (2) ,/ (3) ,5)IU for |Z-m|<2. 

Thus, estimate (4.17) is valid for arbitrary I and m. Consequently, by Lemma 3.10, the operator O 
continuously maps X into y. This proves the existence of a solution of problem (4.4), (4.5) in the case 
when F has the form (4.3) with /(°) = 0, /< fe ) G V^J(1C) 3 for k = 1,2, 3. 

By what has been shown in the previous section, the mapping /(°) — > (u, g) defined by 

3 3 

<*) = Y J I ff\t)G ili {x,Z)dii,i = \,2,Z, p{x) = -g{x) + Y j f /j°> (£) G 4lj (z, # ( 4 -20) 
j=i j=i 

is continuous from s +1 (fc) 3 into the subspace s+1 (/C) 3 x W^ 15+1 (/C) of y. Thus, problem 

(4.4), (4.5) is solvable for arbitrary F G Vp j' s (lC). 

It remains to prove the uniqueness of the solution. Suppose (u,p) G y is a solution of the homogeneous 
problem (4.4), (4.5). Then (u,p) is also a solution of the homogeneous problem (3.1), (3.2), and from 
Lemma 3.4 it follows that u G S+1 (IC) 3 and p G 5+1 (/C). Consequently, by Theorem 3.2, we 

have u = and p = 0. The proof is complete. ■ 

Remark 4.3 In [25] the existence and uniqueness of weak solutions in W^QC) 3 x W$$(1C) was proved 
for arbitrary F G W^ 2 {JC) 3 = {W^ a {1C)*) 3 , g G W^K) and h, G W^i^j), j = l,...,n. Note 
that every F G W^ ' (/C) has the form 

3 

F(v)= / / (0) -wrfa; + ^ / f (k) d Xk vdx for all w G W^J (/C) 3 , 

J/C k=l K 

where / G W*' +1 (IC), f^ G W^' (/C), fc = 1,2,3. It can be easily shown that the assertions of 
Lemmas 4.1-4.3 are also valid if s = 2, S = 0, and (3 satisfies (4.8). Consequently, the weak solution 
(u,p) G Wp l(JC) 3 x W°o(/C) has also the form (4.6), (4.7) if hj = 0. 

4.4 Regularity assertions for weak solutions 

Lemma 4.4 Let (u,p) G W^f s , (K.) 3 x W^f s , (K.) be a solution of problem 

b(u,v)- I pW-v = F(v) for all v G V^'Z' _ S ,(JC) 3 , SjV = on Tj, j = 1, . . . ,n, (4.21) 
—V ■ u = g in K, Sju = hj on Tj, j = 1, . . . ,n, (4.22) 



where a' = cr/(a — 1), 

f e v^ s (JCf n .9 e <1(AQ n <; CT 5 ,(/c), ^ e ^/ /s ' s (r j ) 3 "^ n w^/^iv^ . 

If the closed strip between the lines RcA = 1 — (3 — 3/s and Re A = 1 — (3' — 3/ a is free of eigenvalues of 
the pencil 21(A) and 5, 5' satisfy the inequalities 

max(0, 1 - fi k ) < 6 k + 2/s < 1, max(0, 1 - /i fe ) < S' k + 2/cr < 1 for k = 1, . . . , n (4.23) 

(in the case a = 2 it is allowed that 6' k = 1), then (u,p) G W^'|(/C) 3 x W^'|(/C). 

Proof. Under the assumptions on the lemma, the boundary data hj satisfy the compatibility condition 
(3.7). Therefore, there exists a vector function v G Wp'g(K.) 3 n Wpf s ,{1Cf satisfying SjV = hj on Tj, 
j = 1, . . . ,n. For this reason, we may restrict ourselves to the case hj = 0. According to Theorem 4.1 
(see also Remark 4.3), there are unique solutions of problem (4.4), (4.5) in W^'|(/C) 3 x Wg'g(K.) and 

Wp', S g,(IC) 3 x Wp'; s s ,(IC). Both solutions are given by (4.6), (4.7) with the same Green matrix G(x,£). 
This proves the lemma. ■ 

The same result is true for weak solutions in W^; 2 (/C) 3 x W®; 2 (/C) (cf. Remark 4.3). Furthermore, 
the following generalization of Lemma 4.4 holds. 

Theorem 4.2 Let u,p, F, g, and hj be as in Lemma 4.4. We assume that there are no eigenvalues of the 
pencil 21(A) on the lines Re A = 1 — (3 — 3/s and RcA = l — (3' — 3/ a and that S, 5' satisfy the inequalities 
(4.23). Then (u,p) admits the decomposition 

N I v Ku,j — i S 1 

m=EE E c ^E^i (iog P r(p x "u^'-°Hu)y--y v j>'-°Hu)) + {w, q ) ^ 

V=l j = l s = CT=0 

where (w,q) G W^g(IC) 3 x W^ 5 {K) is a weak solution of problem (3.1)-(3.2), A„ are the eigenvalues of 

the pencil 21 between the lines RcA = l— (3 — 3/s and Re A — 1 — [3' — 3 jo, and (yS v '^ s ^ ,p^ v '^ s ^) are 
eigenvectors and generalized eigenvectors corresponding to the eigenvalue A„ . 

Proof. As in the proof of Lemma 4.4, we may restrict ourselves to the case hj — 0. Let {Fi} C 
qf(/e\{0}) 3 , { gi } C Cft°(£\{0}) be sequences converging to F in V^ S {K) 3 n V^7{K) and g in 
W%'° S (JC) n W°; ff 5 ,(/C), respectively. According to [25, Th.3.2], there exist unique solutions 

(«« p«) G <; 2 _ 3/2+3M0 (/C) 3 xT^ (3 °; 2 _ 3/2+3M0 (/C) and («,«(,«) G W^ +3/s0 (lCfxW^ 2+3/s0 (lC) 
of the problem 

b(u,v) - [ p\7 - v = Fi(v) for all v G C* °°(£\{0}) 3 , SjV = on Tj, j = l,...,n, 
— V • u = gi in /C, SjU = on Tj, j = 1, . . . , n. 

By what has been shown above, the vector functions an j ( W W ; ^W) belong also to WV^/^Q 3 x 

W2;^,(/C) and Wl'g(IC) 3 x W2'|(/C), respectively. Furthermore, from Theorem 4.1 it follows that the 
sequence {(u^\p^)} converges to (u,p), while {(w^ ,q^)} converges to a vector function (w,q) G 
Wj;J(/C) 3 x W°'|(/C). Let A" denote the linear span of the vector functions 

£ 1 (log,)* (p A ^(^ s - CT )(c),p A -V^ s - CT )(c)) 

appearing in (4.24). By [25, Th.4.4], we have (uW — tyW,pW — gW) G A" and, consequently, also 
(u — w,p — q) G A. This proves the theorem. ■ 



Theorem 4.3 Let (u,p) G W^f s ,(K,) 3 x W^,(/C) 6e a solution of problem (4.21), (4.22). We suppose 
that F G ^/(/C) 3 and 

F(v)= [ f-vdx + jrf <p 3 -vdx for allv £ C^AfO}) 3 , S> = on IV,-, j = 1, . . . , n, (4.25) 
Jk j=1 Jr, 

where f G W°' S S (K,) 3 , 4>j G Wp~ 1/s > s (Tj)^ Furthermore, we assume that g G W£j(£) n^,(£), 

/ij G j 1/,s ' s (rj) 3-<ij n W / |r 6 1 / CT ' cr (rj) 3_dj , there are no eigenvalues of the pencil^i(X) in the closed strip 
between the lines Re A = 1 — [3' — 3/cr and Rc A = 2 — (i — 3/s, (5 and 5' satisfy the inequalities 

max(0, 1 - yUfc) > 5' k + 2/cr < 1, max(0, 2 - > 5 k + 2/s < 2 for k = 1, . . . , n 

(in the case a = 2 it is allowed that 5' k — 1), and g,hj,(f>j satisfy the compatibility condition (iii) of 
Section 3.6. Then u G W^(/C) 3 and p G Wp$(K). 

Proof. Suppose first that max(2 - fi k , 1) < 5k + 2/s < 2 for k = 1, . . . , n. Then W^~/^ s ' s (Tj) = 

Vp s 1 ^ s ' s {Tj) and, therefore, the functional F denned by (4.25) belongs to V^}{ S S _ 1 (K.) 3 . Using Theorem 

4.2, we obtain u G S _ 1 (K,) 3 and p G S _ 1 (K,), and from the second part of Lemma 3.4 we 

conclude that u G W|j(/C) 3 , p G W^K). 

If 5k + 2/s < 1 for at least one k, then in a first step we obtain u G Wp' s s ,,(1C) 3 and p G W^j'|„(/C), 
where 5' k ' are arbitrary numbers satisfying max(2 — pi k , 1) < 6% + 2/s < 2 and > <5fc. Then Theorem 
3.3 implies the assertion of the theorem. ■ 

Lemma 4.5 Let g G Vt^ M (/C) ; G W^~g^ s ' s (Tj) 3 ~ d i, <j> G Wj^ 1-17 "'"^)^, I > 3, -2/s < 5 k < 
1 — 2/s. Suppose there exist u G W|^ (+2 e _ 2 / s (^-) 3 an ^ P e ^0-1+2 e-2/s(^)' < £ < 1, such that 

V -u + g G ^ M i+ 2.e-2/ s (^)' ^j" = N ]( U ,P) = <t>j on T j- (4.26) 

Then there exist v G W^ l+2 5 /(/C) 3 ; a G W^ l+2 S ,(IC), where 5' = 5 if I = 3, 5' k = s — 2/s ifl>4, such 
that 

V-«lH + l)je^ w W, S j v = pd p h j , N j {v,q) = {pd p + l) ( j )j onT . (4.27) 

Proof. We prove the lemma for the Dirichlet problem. The proof for other boundary conditions 
proceeds analogously. The existence of u and p satisfying (4.26) is equivalent to the trace conditions in 
Lemma 3.3. We assume, without loss of generality, that M k coincides with the a^-axis. Then the trace 
conditions on M k have the form 

hk+\M„ = h k _\M„, n k _ ■ (d r h k+ )\ Mk + n k+ ■ (d r h k _)\ Mk = (g\M k + d X3 h 3 . k+ \ Mk ) sm6 k . (4.28) 

Here T k+ and T k _ are the sides adjacent to the edge M k , n k+ and n k _ denote the exterior normals to 
these sides, 6 k is the inner angle at M k , and h 3k+ denotes the third component of the vector h k+ . 

Suppose first that I > 4 or I — 3 and 5 k < 1 — 2/s. Then the traces of d X3 d r h k± and d X3 g on M k 
exist, and from (4.28) it follows that d X3 h k+ \ Mk = d X3 h k _\ Mk and 

n k _ ■ {x 3 d X3 + 1) {d r h k+ )\ Mk + n k+ ■ {x 3 d X3 + 1) {d r h k _)\ Mk = (x 3 d X3 + 1) (#| Mfc + d X3 h 3 . k+ \ Mk ) sm.9 k . 

Since pd p = rd r + x 3 d X3 = x\d Xl + x 2 d X2 + x 3 d X3 and x\ = x 2 = on M k , from the last equalities it 
follows that (pd p h k+ )\ Mk = (pd p h k _)\ Mk and 

nu_ ■ {d r pd p h k+ )\ Mk + n k+ ■ {d r pd p h k _)\ Mk = ((pd p + l)g\ Mk + d X3 (pd p h 3 . k+ )\ Mk ) sin0 fe . 

This is the trace condition on M k for the existence of v and q satisfying (4.27). In the case I = 3, 
5 k = 1 — 2/s the validity of the trace condition can be proved analogously by means of Lemma 1.5. ■ 



Theorem 4.4 Let (u,p) G W^f s ,(K,) 3 x VF°;^,(/C) 6e a solution of problem (4.21), (4.22). We suppose 

that F G Vp,]^{JCf has the representation (4.25), w/iere / G W l g y s (K,) 3 , <j)j G Wp~g 1 ~ 1/s ' s (T j ) d i . 

Furthermore, we assume that g G W^"/' s (/C) n^,(K), ^- G W^ 1/s ' s (r\,-) 3_<ij H ^"/"'"(rj) 3 -^, 
i/iere are no eigenvalues of the pencil 21(A) m ifte closed strip between the lines Re A = 1 — /?' — 3/tr and 
Re A = Z — (3 — 3/s, 8 and 8' satisfy the inequalities 

max(0, 1 - Hk) < 8' k + 2/a < 1, max(0, I - fi k ) < 8 k + 2/s <l, fork = l,...,n (4.29) 

(in the case a = 2 it is allowed that S' k = I), and g,hj,(f>j satisfy condition (iii) of Section 3.6 with 
[3" = (3 — 1 + 2 and S' k ' = max(<5fc — I + 2, | — |) instead of [3 and S k , respectively. Then u G W g ' s s (K.) 3 and 

Proof. By Theorem 4.3, the assertion of the theorem is true for I = 2. We suppose that the assertion 
is true for I = m — 1 > 2 and show that it is true for I = m. Let first 5 k + 2/s > 1 for k = 1, . . . , n. Then 
WffiK) C Wjl^^/C), W j ^ 1/s ' s {T k ) C W|~ 1/s,s (r fe ) for j > 1 and from the induction hypothesis 
it follows that u G W^I^.^/C) 3 , p G W^'^^/C). Applying Lemma 3.4, we obtain u G W^(AC) 3 and 

Suppose now that 8 k + 2/s < 1 for all fc. Then, in particular, p k > I — 1 for all k. Since Wo'^(/C) C 

W^~^_ 2 y s (/C) for j > 1, e > 0, it follows from the induction hypothesis that u G ^3-i'e-2/ s (^) 3 

and p G W g ~^ s £ _ 2 ^ s (^)- Using again Lemma 3.4, we conclude that u G W 3 ' s £+1 _ 2 ^ S (IC) 3 and p G 

W / ^+i_2/s(^')- Consequently, /0<9 p w G W^~_^ s s+1 _ 2 , (AC) 3 and pSpP G ^qZ^^i^/ s (^) ■ Since the vector 
function (pd p u, pd p p + p) is a solution of the problem 

-A( P a pU ) + v(pd pP + P ) = (pd p + 2)./ g wji^/c) 3 , -v • ( P d pU ) = ( P a p + i) g e w£l%(/c), 
S ]P d p u = pd p hj G wji 1 ^//"''^), ^-(^u, P a p p + p) = ( P d p + l)cf> 3 G wj^J^'^Tj), 

the induction hypothesis and Lemma 4.5 imply pd p u G WgZ}{ S g()C) 3 and /9<9 p p G IL^^'^/C). This together 
with the inclusion (u,p) G W l g ~_}^ £_2/ s (^-) 3 x ^/3-i'e-2/s(^') an< ^ Lemma 3.5 yields u G W^j'j(/C) 3 and 

P eWj7/''(/C). 

Finally, we assume that S k + 2/s < 1 for some but not all k. Then let ip\ , . . . , ip n be smooth functions 
on f2 such that tp k > 0, ip k — 1 near Mj (~1 S 2 , and X) V'fc = 1- We extend ip k to AC by the equality ip k (x) — 
ip k (x/\x\). Then d^ip k (x) < c|x| _ ' Q L From the results proved above it follows that tp k u G W g ^ 5 (K) 3 and 
ipkP G W l p~fi' s (lC) 3 for k = 1, . . . ,n. This completes the proof. ■ 

Corollary 4.1 Lef u,p,F,g,hj be as in Theorem 4.4. IFe assume that there are no eigenvalues of the 
pencil 21(A) on the lines Re A = 1 — [3' — 3/cr and Re A = I — (3 — 3/s, and that 8, 8' satisfy the inequalities 
(4.29). Then (u,p) admits the decomposition (4.24), where w G W l g ' s s (IC) 3 , q G Wg~$' s ()C), and A„ are 
the eigenvalues of the pencil 21(A) between the lines Re A = 1 — (3 1 — 3/cr and Re A = I — (3 — 3/s, and 
) are eigenvectors and generalized eigenvectors corresponding to the eigenvalue A„ . 

Proof. Under our assumptions on 8', the functional F belongs to V g ^ l+1 S „{K,) 3 with arbitrary 8" = 
(8'/, 8''), 8 k > 8 k -l + 1, max(0, 1 - p, k ) < 8'/ + 2/s < 1. Consequently, by Theorem 4.2, (u,p) has 
the representation (4.24), where (w,q) G W g ^ l+1 S „()C) 3 x W°!f ;+1 5 „{K) is a solution of problem (4.21), 
(4.22). Applying Theorem 4.4, we obtain w G W^K) 3 and g G ^/'"(/C). ■ 

5 The problem in a bounded domain 

Let Q be a bounded domain of polyhedral type in R 3 . This means that 

(i) the boundary dQ consists of smooth (of class C°°) open two-dimensional manifolds Tj (the faces of 
Q), j = 1, . . . , n, smooth curves M k (the edges), k = 1, . . . ,m, and corners x^, . . . , x^ d \ 



(ii) for every £ £ M k there exist a neighborhood and a diffcomorphism (a C°° mapping) which 
maps Q nU^ onto Z?£ n -Bi, where T>^ is a dihedron of the form (1.1) and B\ is the unit ball, 

(iii) for every corner there exist a neighborhood Uj and a diffeomorphism Kj mapping Q n Uj onto 
ICj n B\ , where Kj is a cone with vertex at the origin. 

We consider the problem 

-Au + Vp = /, -V-u = g in Q, (5.1) 
SjU — hj, Nj(u,p) = (f)j onTj, j = 1, . . . ,n (5.2) 

where Sj and Nj as well as the numbers dj £ {0, 1, 2, 3} are defined as in Section 3. 
5.1 Sobolev spaces in Q 

We denote by (x) the distance of x to the corner x^\ hy p{x) the distance to the set X — {x^\ . . . ,x^}, 
and by r k (x) the distance to the edge M k . Then Wp* s (Q) is defined as the weighted Sobolev space with 
the norm 

d m i / 

■ 1/s 
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Here 1 < s < oo, /? = (ft, . . . , ft) £ R d , 6 = (<5i, . . .,S m ) £ R m , S k > -2/s for fc = 1, . . . , m, and I is 
a nonnegative integer. Note that the space Wq'q(Q) (where both /3 and 5 are zero) coincides with the 
nonweighted Sobolev space W 1 ' 2 {Q). 

For arbitrary (3 £ R d , S £ R m , 1 < s < oo and integer I > let Vp S s {Q) be the weighted Sobolev space 
with the norm 
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The dual space of VV^C/) is denoted by V_i' s _ s {Q), where s' — s/(s — 1). 



Finally, we denote the trace spaces on Tj for Vp S s {Q) and Wp S s (G) by Vp g 1 ^ s ' s (^j) and /^''(Ij), 
respectively. 

5.2 Model problems and corresponding operator pencils 

We introduce the operator pencils generated by problem (5.1), (5.2) for the edge points and vertices of 
the domain Q. 

1) Let £ be a point on an edge M k , and let T k+ ,r k _ be the faces of Q adjacent to £. Then by we 
denote the dihedron which is bounded by the half-planes T° k± tangent to Y k± at £. The angle between 
the half-planes T° k± is denoted by #(£)• We consider the model problem 

— Au + Vp = /, —V • u = g in 

S k± u= h k± , N k± (u, p) = (f> k± on T° k± . 

The operator pencil corresponding to this model problem (see Section 2.2) is denoted by A^(X). Fur- 
thermore, let Ai(£) be the eigenvalue with smallest positive real part of this pencil, while A2(£) is the 
eigenvalue with smallest real part greater than 1. We define 



MO 



Re Ai(£) if d k+ + d k _ is odd or d k+ + d k _ is even and #(£) > Tr/m k , 
Re A2(£) if + d k _ is even and a k < n/m k , 



where m k = 1 if d k+ = d k _ , m k = 2 if d k+ ^ d k _ . Finally, let 



fi k = inf (5.3) 



2) Let x^ be a corner of Q and let Ij be the set of all indices k such that x^ £ T k - By our 
assumptions, there exist a neighborhood U of x^ and a diffeomorphism k mapping Q n U onto JCj n Bi 
and Tfe n W onto T£ n i?i for k G Ij, where K,j is a polyhedral cone with vertex and T£ are the faces 
of this cone. Without loss of generality, we may assume that the Jacobian matrix k'{x) is equal to the 
identity matrix I at the point x^ . We consider the model problem 

—Am + Vp = /, —V-u = g in K-j , 

S k u = h k , N k (u,p) = 4>k on Y° k for k G Ij. 

The operator pencil generated by this model problem (see Section 3.2) is denoted by 2lj(A). 



5.3 Existence of weak solutions 

We introduce the spaces 

V = {u G W ia {Gf : SjU = on Tj, j = l,...,n}, V = {u € V : V-u = 0}. 

Furthermore, we denote by Ly the set of all u G V such that £ij(u) — for i,j = 1,2,3. It 

can be easily seen that Ly is contained in the span of all all constant vectors and of the vectors 
(x 2 ,— xi,0), (0, X3, — x 2 ), (— £3,0,2:1). In particular, we have Ly C Vb- 
Let the bilinear form b be defined as 



3 

b(u, v) = 2 / Sj j(u) £j j(v) dx. 



We consider the problem 



6(m, w) - / pV • u dx = F(u) for all w G V (5.4) 
Jg 

—V • m = g in CJ, S'jU = /ij on Tj, j = 1, . . . , n, (5.5) 

where F is a given linear an continuous functional on V, g £ L2(G), hj G VK 1//2,2 (Fj) 3_dj '. We assume 
that the vector functions hj are such that there exists a vector function v G W 1,2 (g?) 3 satisfying the 
boundary conditions SjV = hj on F^ for j = 1, . . . , n. This means, the boundary data hj must satisfy a 
certain trace condition on the edges of the domain (see Section 3.1). 

Lemma 5.1 Let g G L 2 (G), and let hj £ W 1 l 2 ' 2 {Y :j f- d ^ are such that there exists a vector function 
v G W 1 ' 2 (Q) 3 , SjV = hj on Tj for j = 1, ...,n. In the case when dj G {0,2} for all j , we assume 
additionally that 

/ gdx+ / hj-ndx+ / hj dx = 0. (5.6) 

T/ien i/iere exists o vector function u G W 1,2 (C/) 3 smc/i i/iai V-u = — g and SjU = hj on Tj for j = 1, . . . , n. 

Proof: Let v G W 1 ' 2 (G) 3 7 SjV = hj on Tj for j = 1, . . . ,n. We have to show that there exists a vector 
function w G V such that V • w = —g — V • v. Then u = v + w is the desired vector function. 

Let first dj G {0,2} for all j. By [6, Ch.l,Cor.2.4], there exists a vector function w eW x ' 2 {Qf C V" 
satisfying V ■ = — g — V • v if 

(.9 + V • u) = 0. 



IQ 

The last condition is equivalent to (5.6). 

We consider the case when dj G {1,3} for at least one j = j . Let (f> G C£°(Tj ) be a function the 
integral of which over Tj is equal to 1. Then there exists a vector function ip G W 1,2 {Q) 3 such that 



ip = on Tj for j ^0, ip n = (j), ip T = on F 
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(see Lemma 3.1). Since jo G {1, 3}, the vector function ip belongs to V. We introduce the function 

g 1 = g + V ■ v — cV ■ ip, where c — / (g + V ■ v) dx. 

Jg 



Since 



J g'dx = c(l-J V- ipdxj =c(l-j ^cte) = 0, 



there exists a vector function w' G V such that — V • w' = g'. Consequently, w = w' — ctp satisfies the 
equation V • w = — g — V • v. The result follows. ■ 

The necessity of condition (5.6) in Lemma 5.1 is obvious. Moreover, since b(u, v) = and V • v = 
for v G Ly, for the solvability of problem (5.4), (5.5) it is necessary that 

F(v) = for all v G L v . (5.7) 

Theorem 5.1 Let g and hj be as in Lemma 5.1, and let F G V* be a functional satisfying the condition 
(5.7). Then there exists a solution (u,p) G W 1 - 2 (Q) 3 x L 2 (G) of problem (5.4), (5.5). Here p is uniquely 
determined if dj G {1, 3} for at least one j and unique up to constants if dj G {0, 2} for all j. The vector 
function u is unique up to elements from Ly . 

Proof. 1) Let first 5 = and hj = for j — 1, . . . , n. We denote by L v the orthogonal complement 
of Ly in Vq. By Korn's inequality, we have 

b(u,u) > c||m||^i, 2( g )3 for all v G Ly. (5.8) 

Consequently, there exists a unique vector function u G Ly such that b(u, v) = F(v) for all v G Ly. Since 
both b(u,v) and F(v) vanish for v G Ly, it follows that 

b(u,v) = F(v) forallwGVb. (5.9) 

Let Vq~ denote the orthogonal complement of Vq in V. By Lemma 5.1, the operator B = — div is an 
isomorphism from Vq~ onto L 2 (G) if dj G {1, 3} for at least one j and onto the space 

L(Q) = {q E L 2 (G) : f q{x)dx = l} 
Jg 

if dj G {0, 2} for all j. Suppose that dj G {0, 2} for all j. Then we consider the mapping 

L 2 (G) 3q^ l{q) = FiB- 1 q) - b(u, B' 1 q), where q= q - -L [ q(x) dx e°L 2 {G)- 

\G\ Jg 

Obviously, I defines a linear and continuous functional on L 2 (G). Consequently, there exists a function 
P G L 2 {G) such that 

pqdx = £(q) for all q G L 2 (G)- 



L 



Consequently, 

pV ■ v dx = l(-X7 ■ v) =F(v)-b(u,v) for all v G V^~. (5.10) 



L 



In the case when dj G {1,3} for at least one j, the existence of p G L 2 (G) satisfying (5.9) follows 
analogously from the continuity of the mapping 

L 2 {G) 3q^ i(q) = F{B~ x q) - b(u, B^q) G C. 

Combining (5.9) and (5.10), we conclude that u and p satisfies (5.4). This proves the existence of a 
solution. 



We prove the uniqueness. Let u G Vo and p € L 2 (G) satisfy (5.4) with F = 0. Then, in particular, 
b(u, u) = 0. Obviously, b(u, u) — b(u — w,u — w), where w is the orthogonal projection of u G Vo onto Ly. 
Using (5.8), we obtain u — w = 0, i.e., u G Ly . However, then b(u,v) = for all v £ V and, therefore, 

p V • v = for all v G V. 

If dj G {1, 3} for at least one j, then v can be chosen such that Vv = p, and we obtain p = 0. If dj e {0, 2} 
for all j, then we obtain 

/ pqdx^i) for all q G L 2 {G), / qdx = 0. 
Jg Jg 

From this we conclude that p is constant. The proof is complete. ■ 
5.4 Regularity assertions for weak solutions 

Our goal is to show that the solution (u,p) G W 1 - 2 (G) 3 x L 2 (G) of problem (5.4), (5.5) belongs to 
W/3«(^) 3 x W*ps(9) un der certain conditions on F, g, hj, (3 and 5. For this end, we consider the 
perturbed Stokes problem in the cone Kj 

h(u,v)+ [ pL lV dx = F(v) for all v G W 1 ' 2 ^) 3 , S k v = on T° k , k G Ij, (5.11) 
L\u = g in fCj, S k u — h k on T k , kelj, (5.12) 

where 

3 3 

h(u,v)=2 V] e k ,i(u)e k .i(v)dx + V] / - — - — do;, 
i lW = -V ■ w + V" c k ,i(x)^- . 

We assume that 

ft,u,k,l k,l 

with sufficiently small e. 

Lemma 5.2 Lef (u,p) 6 W^/'oC^j) 3 x W/j'oC^') ^ e a so ^* orl of problem (5.11), (5.12), where 

FGW^iKjfnV^iJCjf, gGW^JC^nW^iJCj), h k eW;! 2 2 (Tl)nW;; s 1/s ' s (Tl) (5.14) 

for k G Ij. Suppose that there are no eigenvalues of the pencil 2lj(A) in the closed strip between the lines 
ReA = —f3' — 1/2 and RcA = 1 — f3 — 3/s, the components of S satisfy the inequalities max(l — fi kl 0) < 
S k + 2/s < 1, and that the numbers in (5.13) is sufficiently small. Then u G Wp'g(JCj) 3 andp G Wp' s s {JCj). 

Proof: Let W s ,p,s be the space of all 



{h k wi 3 g n w^inf-* 

keii 



such that there exists a vector function u G Wg'g(K.j) satisfying S k u = h k on for k G Ij. This is a 
subspace of vector-functions on satisfying certain compatibility conditions on the edges of the cone 
JCj (see Sections 2.1 and 3.1). We define A as the operator 



W^Kjf x W»? Q (Kj) 3 (u,p) (F, .g, hj) G W^ilCj) 3 x <; 2 (/C,) x W 2 ^, (5.15) 



where F, g and hk are given by (5.11), (5.12). Furthermore, let A be the operator (5.15), where 

3 

F(v) = 2 / Ejj (u) Sjj (v) dx — / pV-vdx, g = — V • u, hk~SkU. 

•JK-i i,j=l •'Kj 

By [25, Th.4.2], the operator Ao is an isomorphism. Furthermore, it follows from Theorem 4.1 and 
Lemma 4.4 that Ao is an isomorphism 

(wlfaKi? x <; 2 (/c,)) n (w^iJCjf x w^ilCj)) 

- {Wp^(Kif x W»? {Ki) x W 2 ,0>,o) n (^ I ' s (/C j ) 3 x W°$(JCj) x (5.16) 

Due to (5.13), the operator norm (5.16) of A — Aq is less than ce. Hence for sufficiently small e, the 
operator A — Aq is also an isomorphism (5.16). The result follows. ■ 

Theorem 5.2 Let (u,p) £ W 1 ' 2 (G) 3 x L 2 (Q) be a solution of problem (5.4), (5.5), where 

f e v* n v^'OC,-) 3 , ff g L 2 (g) n ^ fe e w^ 2 (r k ) n w^ 1/s,s (r fe ). 

Suppose that there are no eigenvalues of the pencils 2lj(A), j = l,...,d in the closed strip between 
the lines RcA = —1/2 and ReA = 1 — (3 — 3/s and that the components of 5 satisfy the inequalities 
max(l - n k , 0) < 5 k + 2/s < 1. Then u £ W\ %Qf, p £ W°f 5 (G). 

Proof: It suffices to prove the theorem for vector functions with small supports. For solu- 

tions with arbitrary support the assertion then can be easily proved by means of a partition of unity 
on Q. Let the support of (u,p) be contained in a sufficiently small neighborhood U of the vertex x^\ 
and let k be a diffcomorphism mapping Q C\U onto ICj OB, where ICj is a cone with vertex at the 
origin and B is a ball centered about the origin. We assume that k'(x^) = I. Then the vector func- 
tion (w(x),q(xj) = (u[k~ 1 (x)) ,p(k~ 1 (x))) is a solution of a perturbed Stokes problem (5.11), (5.12), 
where the coefficients b^^^.i and Ck,i are zero at the origin and bounded by small constants on the 
support of (w,q). Applying Lemma 5.2, we obtain (w,q) £ Wp' s s (JCj) 3 x Wp' s s (JCj) and, therefore 

(u,p) £ Wp'g(G) 3 x Wp'g(Q). For vector functions (u,p) with support in a neighborhood of an edge point, 
the assertion of the theorem can be proved analogously. ■ 

Analogously, the following theorem can be proved (cf. Theorem 4.4). 

Theorem 5.3 Let (u,p) £ W^' 2 (G) 3 x Wp 2 (G) be a solution of problem (5.11), (5.12), where g £ 
W f3~6 '*(&)> h i e W f}~s /S ' S ( r j) 3 ~ dj > and F IE V* has the representation 

F( v ) = / f ■ vdx + ^ / <j>j ■ v dx for all v £ V 
JQ ' j=1 J r 3 

with f 6 W l p~ 2,s (Tj), <j)j £ W l ^~ 1 ^ s {Tj) di . We suppose that there are no eigenvalues of the pencils 
2tj(A), j = l,...,d, in the closed strip between the lines RcA = —1/2 and RcA = I — [3 — 3/s and 
that max(l — /Zfc,0) < 5k + 2/s < I for k — 1, ...,m. Furthermore, we assume that g, hj and <f>j 
satisfy compatibility conditions on the edges Mk which guarantee that there exist w £ W^ l+2 S ,{G) 3 an d 
q £ Wp'* l+2 S ,(G), 5' k = max((5/ £ - I + 2, \ - |), such that 

SjW = hj, Nj(w, q) = (j>j onTj, j = 1, . . . ,n, V • w + g £ V^ l+2S ,(G). 

Then u £ Wjj s s (G) 3 and p £ W l ~ 5 hs (G). 



5.5 Examples 



Here we establish some regularity assertions for weak solutions of special boundary value problems for 
the Stokes system in the class of the nonweighted spaces W l ' s (Q). Let Q be a polyhedron with sides Tj, 
j = 1, ...,n, and edges M k , k = 1, . . . , m. We denote the angle at the edge M k by 6 k . For the sake of 
simplicity, we restrict ourselves to homogeneous boundary conditions 

SjU = 0, Nj(u,p) = on Tj, j = l,...,n. (5.17) 

Analogous results are valid for inhomogeneous boundary conditions provided the boundary data satisfy 
certain compatibility conditions on the edges. 

The Dirichlet problem for the Stokes system. Let / G W^ 1 ' 2 (G) 3 and g G L 2 {G) satisfy the compati- 
bility conditions of Theorem 5.1. Then there exists a solution (u,p) G W 1 ' 2 (G) 3 x L 2 (G) of the Dirichlet 
problem 

— Au + X7p = f, — Vu = g in Q, u = on Tj, j = 1, . . . , n. 

Here u is unique and p is unique up to a constant (see also [6, Th.5.1]). It is known that there are no 
eigenvalues of the pencils 2lj(A) in the strip — 1 < Re A < (see [10, Th.5.5.6]). In the case, when Q is 
convex, then even the strip — 2 < Re A < 1 does not contain eigenvalues of the pencils 2L,(A) (see [10, 
Th.5.5.5]). Moreover, it can be easily verified that > 1/2, \i k > 2/3 if 9 k < 3arccos| s=s 1.25 877T, 
fih > 1 if k < 7r, and p k > 4/3 if 9 k < §7r. Using these results together with Theorems 5.2 and 5.3, wc 
obtain the following assertions. 

• If / G {W^'\gyf and g G L S (G), 2 < s < 3, s' = s/(s - 1), then («,p) G W 1 ' s {gf x L S (Q). If 
the polyhedron Q is convex, then this assertion is true for all s > 2. 

• If / G W-^^igfnLsiQ) 3 and g G L 2 (G) DW 1 - 3 ^), Ks< 4/3, then (u,p) G W 2 - s (Gf xW^^G). 
If 9k < 3 arccos^ « 1.25877T for k = 1, . . . , m, then this result is true for 1 < s < 3/2. If G is convex, 
then this result is valid for 1 < s < 2 provided g satisfies (0.3) if s = 2. If, moreover, the angles 
at the edges are less than jn, then the result holds even for 1 < s < 3 provided g satisfies (0.3) if 
s = 2 and g — on Mk, k = 1, . . . , m, if s > 2. 

Here we used also the facts that W hs ' (G) = Vq/ (G) for s' < 2 and W l ' s {G) = W^(G) for s < 3. In the 
case s = 2 the W 2 ' s -regularity result for convex polyhedrons was also proved by Dauge [3], for convex 
two-dimensional polygonal domains we refer to Kellogg and Osborn [7] . 

The Neumann problem for the Stokes system. We consider the weak solution u G W 1 ' 2 (G) 3 x L^iG) 
of the Neumann problem 

-Au + \7p = f, -Vu = ginG, ^ = on Tj, j = 1, . . . , n. 

For this problem it is known that the strip — 1 < Re A < contains only the eigenvalues A — and A = 1 
of the operator pencils 21, (A) (see [10, Th.6.3.2]) if G is a Lipschitz polyhedron. The numbers fi k are the 
same as for the Dirichlet problem. Therefore, the following assertions are valid. 

• If / G {W 1 ' s '{G)*f and g G L S {Q), 2 < s < 3, then {u,p) G W^ S (G) 3 x L S (G). 

• If./ G (W 1 ' 2 (G)*) 3 CiL s (G) 3 andg G L 2 (G)nW 1 ' s (G), Ks< 4/3, then (u,p) G W 2 ' S (G) 3 x W^ S (G). 
If the angles 9k are less than 3arccos|, then this result is true for 1 < s < 3/2. 

The mixed problem with Dirichlet and Neumann boundary conditions. We assume that on each side 
Tj either the Dirichlet condition u = or the Neumann condition |^ = is given. If on the adjoining 
sides of the edge Mk the same boundary conditions are given, then [ik > 1/2. If on one of the adjoining 
sides the Dirichlet condition and on the other side the Neumann condition is given, then fik > 1/4. This 
implies the following result. 

• If / G {W 1 - 2 ^)*) 3 n L S (G) 3 and g G L 2 (G) l~l W 1 ' 3 ^), K s < 8/7, then the weak solution (u,p) 
belongs to W 2 > S {G) 3 x W^ S {G). 



The mixed problem with boundary conditions (i)-(iii). Let (u,p) G W 1,2 (Q) 3 x L 2 (Q) be a weak 
solution of problem (5.1), (5.17), where dk < 2 for all k (i.e., the Neumann condition does not appear in 
the boundary conditions). Wc assume that the Dirichlct condition is given on at least one of the adjoining 
sides of every edge. Then, by [10, Th.6.1.5], the strip — 1 < Re A < is free of eigenvalues of the pencils 
2lj(A). Furthermore, we have \ik > 1/2 if the Dirichlet condition is given on both adjoining sides of the 
edge Mfe. For the other indices k, we have fik > 1/4 and fik > 1/3 if 9k < §7r. 

• If / e (W^'iG)*) 3 and g G L S (Q), 2 < s < 8/3, then (u,p) G W 1 ''^) 3 x L S {Q). Suppose that 
6k < §7r if the boundary condition (ii) or (hi) is given on one of the adjoining sides of the edge Mk- 
Then this result is even true for 2 < s < 3. 

• If / G {W^ 2 {g)*) 3 r\L s {g) 3 and g G L 2 (G)r)W 1 - s (g), Ks< 8/7, then (u,p) G W 2 ' S {Q) 3 xW^iQ). 
Suppose that 9k < 3arccos^ if the Dirichlet condition is given on both adjoining sides of Mk, 
9k < f arccosi if the boundary condition (i) is given on one of the adjoining sides of Mk, and 
9k < §7r if the boundary condition (ii) is given on one of the adjoining sides of Mk- Then the last 
result is true for 1 < s < 3/2. 

Note that in the last case, we have fik > 2/3 for k = 1, . . . , m. 

Finally, we consider problem (5.1), (5.17) when the Dirichlet condition is given on the sides Ti, . . . ,T„_i, 
while the boundary condition (ii) is given on T n . Let / be the set of all k such that Mk G f„ and 
I' = {1, . . . , n}\I. Wc suppose that the polyhedron Q is convex and 9k < 7r/2 for k G I. Then [ik > 1 
for all k, and the strip — 1/2 < Re A < 1 is free of eigenvalues of the pencils 2L, (A) (see [10, Th.6.2.7]). If 
Ok < §tt for k G I and 9k < §7r for k G then even /x^ > 4/3. This implies the following result. 

• Let / G (W 1,2 (Q)*) 3 n L s (g) 3 and g G L 2 {Q) n W 1,S (G), s > 1. In the case s > 2, we suppose that 
g\M k = for all k, while condition (0.3) is assumed to be valid for s = 2. Then the weak solution 
(u,p) G W l ' 2 {gf x L 2 {G) of problem (5.1), (5.17) belongs to W 2 ' S (Q) 3 x W^ S (Q) for 1< s < 2. If 

< |7r for fc G I and 6* fe < jir for fc G then the result holds even for 1 < s < 3. 
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